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Abstract

We settle Miller’s Noetherianity conjecture for the full canonical effective permutation
twisted cohomology ring of every finite p-group in defining characteristic. More generally, for
every finite group and every finite family of actual finite-dimensional real representations, we
prove that the effective section ring over any commutative Noetherian base is finite as a module
over an explicit finitely generated central commutative algebra. The finite-module theorem
also holds after subgroup restriction, on coordinate faces, and with bounded permutation
coefficient complexes; over fields it extends to bounded complexes of finite-dimensional
modules.

Over a field of positive characteristic, the section ring of the doubled regular representation
gives a Noetherian bigraded model whose fully homogeneous spectrum contains the Balmer
spectrum of permutation complexes as the complement of a single closed point. Suitable
homogeneous localizations, followed by passage to twist degree zero, give affine Dirac charts.
This provides an explicit Noetherian model for the geometric conclusion announced by Gémez
and Miller.

For unit coefficients over nonzero bases, we also determine the minimum number of
fully homogeneous coefficient generators of nonzero twist needed for module-finiteness. The
proof combines geometric forerunners with a signed cone and induction on subgroups and
coordinate faces; a uniform integral torsion bound and universal coefficients give the extension
to arbitrary Noetherian bases.
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1 Introduction

We settle Miller’s Noetherianity conjecture for the full canonical effective permutation twisted
cohomology ring of every finite p-group in defining characteristic [20, Introduction, Open
questions, Conjecture (b)]; see also [21, Conjecture 9]. We prove it by a finite-module theorem
for finite families of actual finite-dimensional real representations, valid for every finite group
over every commutative Noetherian base. The proof controls subgroup restrictions and faces of
the effective cone simultaneously.

Permutation twisted cohomology records maps from the tensor unit into representation-
sphere complexes in the permutation homotopy category. It supplies multigraded coordinate
rings for the tensor-triangular study of permutation modules. These twists retain information
that the ordinary graded endomorphisms of the unit do not: in this category the latter are just
the coefficient ring in degree zero.



For a concrete example, let G = C, = (g), where p is odd, and let k be a field of characteristic
p. Let V' be the real plane on which g acts by rotation through 27 /p. Its sphere-chain model is

C = (kG Lk & k) in degrees 2,1, 0.

Its effective section ring is
R= D Hi((C*)),
>0 ieZ

with multiplication induced by tensor product. Here ¢ counts the sphere factors and is the twist
degree. The twist-degree-one part has a basis a, ¢, b, in homological degrees 0, 1, 2, respectively.
Our theorem shows that R is finite as a module over kla,b], although ¢ ¢ kla,b], since this
subalgebra has only even homological degrees. Thus the coefficient algebra controls the full ring
through module-finiteness without necessarily generating it as an algebra. Example 6.4 gives
the calculation and identifies the endpoint classes.

Previous work. Balmer and Gallauer introduced permutation twisted cohomology in their
study of the tensor-triangular geometry of permutation modules [3]. Over a field of characteristic
p, their ring, indexed by normal subgroups of index p, is finitely generated for every finite
group [3, Definition 12.16 and Theorem 12.21]. Dubey and Gémez develop integral twisted
cohomology and prove finite generation for the ring indexed by normal subgroups of index p in
a p-group, under the hypothesis that p vanish or be a non-zero-divisor in the Noetherian base
[5, Convention 8.1, Definition 8.12 and Corollary 8.13]. Their Definition 8.10 already allows
abstract finite families of twists. Our theorem proves finite generation for the effective section
ring of any finite family of actual finite-dimensional real representations and permits arbitrary
torsion in the coefficient ring.

For general finite groups, orientability constrains the sphere sections used below [22, Intro-
duction and Section 1.1]; doubled fixed spaces provide the integral orientations used here.

Earlier representation-graded calculations for elementary abelian groups were obtained
by Holler and Kriz at the prime 2 [13, especially Theorem 5] and, for the effective cone, at
odd primes [14, Theorem 3.1]. Hausmann and Schwede give minimal presentations of the
effective mod-2 Bredon homology rings for elementary abelian 2-groups [10, Theorem 2.5]. Kriz
studies representation localizations with constant coeflicients, including a calculation for split
extraspecial 2-groups [15, Section 4]. Kriz also describes the geometric fixed-point rings for
elementary abelian groups in terms of reciprocal and super reciprocal planes [16, Introduction].

Miller’s remixed construction uses the full canonical effective cone of representation-sphere
dimension functions [20, Definition 5.1]. The underlying canonical basis is established in [19,
Theorem 4.12]. For elementary abelian groups it agrees with the Balmer—Gallauer construction;
for general p-groups it includes additional directions. Miller treats Noetherianity for Dedekind
p-groups and for the dihedral group of order 8 in [20, Theorems 7.5-7.6]. Corollary B proves
Noetherianity for this full canonical effective ring.

The geometric comparison framework is due to Miller. His Fall 2026 research statement
announces joint work with Goémez obtaining comparison results without a Noetherianity hypoth-
esis, while retaining full-ring Noetherianity as Conjecture 1.8 [23, Section 1.4, Theorems 1.7 and
1.9, and Conjecture 1.8]. Their announced manuscript, Permutation twisted cohomology, reduced
and immersed, is listed as available upon request [9]; we cite these public announcements to
describe the relationship with ongoing work. The announced results are not inputs to the proofs



below, and we do not identify their rings with ours. Our main contribution is the finite-module
theorem. For finite p-groups in defining characteristic, Corollary C combines it with a transfer
proof of comparison injectivity to obtain the open immersion and Dirac conclusion formulated
in [20, Corollaries 6.7-6.8]. Over a field of positive characteristic, Theorem D treats arbitrary
finite groups using only the doubled regular representation. Its Noetherian section ring realizes
the geometric conclusion announced in the cited Theorem 1.9.

The finite-module theorem. We first state the general theorem. Its section rings are indexed
by an arbitrary finite labelled family; the canonical effective ring is a particular choice of such
a family, identified before Corollary B. For a finite group G, a commutative Noetherian ring
A, and a finite ordered family (V3)pep of actual finite-dimensional real representations, choose
G-invariant inner products and finite admissible spherical polyhedral triangulations of the unit
spheres S(V}), compatible with every fixed sphere S (VbQ), Q < G. Let Cyz be the shifted
augmented chains of the chosen triangulation of S(V}), with the augmentation in degree zero;
take Cpz = Z if V, = 0. Admissibility means that every setwise simplex stabilizer fixes its
simplex pointwise. The hyperplane construction in Section 2 provides these simultaneous models
for any finite group; Lemma 2.1 and the following join construction justify their subdivision and
tensor identifications integrally. Put Cj = Cj, 7z ®z A. Throughout, a permutation AH-module
means a finite direct sum of orbit modules A[H/.J]. Unless a statement explicitly allows arbitrary
finite-dimensional coefficients over a field, coefficient complexes have such finite permutation
terms. Complexes are homologically graded, and A[i] is concentrated in degree i. The suspension
index used in the geometric comparison is s = —i. Put N = Zx; all zeroth and empty tensor
products are A. Write Cr(q) = Qper C’?q” for T C B and ¢ € NT. The face indexed by T
sets all twist coordinates outside T' to zero. The vector q is the twist: its coordinate ¢; counts
copies of Cp. A nonzero twist means ¢ € N7 \ {0}; individual coordinates may be zero. We
call a section fully homogeneous if it is homogeneous in homological degree and in every formal
twist coordinate. The setwise stabilizer of each doubled fixed space acts trivially on its integral
orientation line. The Gémez—Miller orbit-sum construction therefore gives global maps

nos s AR2dim Ve — C®2 (Q<G, be B).

They are base changes of integral maps chosen once for all subgroups. Section products tensor
representatives and regroup the sphere factors in the fixed order, with the Koszul signs. Restricted
global sections act in the same way on the subgroup modules below. In A[ng ], the generators
denote homotopy classes of these maps; their action factors through the restriction image in the
section ring with coefficient complex A.

Theorem A. For every H < G, every 1" C B, and every bounded permutation A H-complex D,

the section module

D P Hi(Resf Cr(q) ® D))

geNT ieZ
is finite over the restriction image of A[ngp : @ < H, b € T]. This image is a finitely generated
central commutative A-algebra. Consequently the effective section ring of every such family is
finitely generated over A and is left and right Noetherian. If A is a field, the same finite-module
assertion holds for every bounded complex of finite-dimensional A H-modules.

Proof mechanism. For a p-group in defining characteristic, a forerunner at H is a global
section whose image under the Brauer functor at H is a quasi-isomorphism. The proof uses



one such section at a time. After restriction to H, its cone has acyclic Brauer image at H.
Elementary cancellation replaces this H-complex by a bounded permutation complex with
stabilizers proper in H. A finite filtration by chain degree reduces its section module to smaller
subgroups, while the face on which the selected twist coordinate is zero has one fewer label.
An explicit left dg module structure on the right-multiplication cone makes these reductions
compatible. On cone homology, the coefficient action factors through the restriction image of
the chosen global homology classes, so every relation among them acts as zero. Descent in
nonnegative twist degree then proves finite generation. For arbitrary groups and coefficient
rings, doubling, Sylow transfer, a uniform group-order torsion bound, and universal coefficients
complete the argument. The finiteness proof is independent of geometric comparison.

For the defining-characteristic refinement, let G be a finite p-group and let k£ be any field
of characteristic p. Specialize the preceding sphere models to k, allowing repetitions and zero
representations while retaining every formal label. Write

K(G) = K*(perm(kG)),  Homy g (kli],C) = H;(CY).

These Hom groups are unchanged on passing to the idempotent-complete permutation category
used in the literature. They are computed in the homotopy category, rather than the ordinary
derived category of kG-modules. For T' C B, with its induced order, put

Rr= @ B Hi(Cr(9)%).

qeNT i€Z

For b € T, let e, € N” have b-coordinate one and all other coordinates zero. With the
multiplication convention above, for H < GG and a bounded permutation kH-complex D, define
the section module

NE(D)= P P Hi((Res§; Cr(q) @ DY), ME = Nj(k). (1)
geNT ieZ

Restriction and tensor product give these modules left Rr-actions. Every global label is retained
after restriction: isomorphic restricted objects do not identify distinct twist vectors.
The geometric forerunners of Gémez-Miller [8, Construction 8.5 and Proposition 8.7(a)] are
global maps
05y k[dimg V)] — C,  (J <G, b€ B)

that become quasi-isomorphisms after applying the Brauer functor at J. Section 3 reproduces
their construction. Choose these maps once, and also write 0 for their classes in Rt when
beT. Form=1,2 set

SYY =kl6),: J < H, beT|C Ry.

The coefficient actions in the following proposition are the restrictions of these global classes;
injectivity of restriction is not required.

Proposition 1.1 (Defining-characteristic refinement). For every H < G, every T C B, and

every bounded complex D of finite-dimensional kH-modules, the module N}LFI(D) is finite over
the image of Sg)T This coefficient algebra is a finitely generated central commutative k-algebra.
(1)

If p =2, or if every Vi, has even real dimension, the same assertion holds with Sy in place

of Sg)T Consequently each Ry is finitely generated over k and is left and right Noetherian.
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To recover the canonical effective ring, let B contain one nontrivial irreducible real rep-
resentation for each distinct function H + dim V¥, for H < G, and put Rg = Rp,. Equal
fixed-dimension functions determine isomorphic sphere objects by [19, Theorem 4.6]. With
homological degree i equal to the negative of Miller’s shift index, this is precisely the ring of
[20, Definition 5.1]. Nontrivial irreducible real representations of an odd-order group have even
dimension, as recalled in Lemma 2.5. Thus no squares are needed in this case.

Corollary B. For every finite p-group G and every field k of characteristic p, the canonical
effective permutation twisted cohomology ring R is finite over the central commutative algebra

k[elb: J<G@G, be fﬂ;}

In particular R¢ is finitely generated over k and is left and right Noetherian. At p = 2 it
is commutative Noetherian. The same finite-module statement holds on every face and after
subgroup restriction, retaining the original twist labels, with any fixed bounded finite-dimensional
coefficient complex.

Put % (G) = K(G)? and X¢g = Spc(# (G)), where (—)? denotes idempotent completion and
Spc is the Balmer spectrum of prime thick tensor ideals. We use this category and spectrum
notation for arbitrary finite groups as well. For the graded rings in the comparison, Spec”
denotes proper homogeneous ideals prime on homogeneous elements, with the grading indicated;
D(f) consists of the primes not containing the homogeneous element f. Let Of be the sheaf
obtained from the suspension-graded endomorphism rings of the tensor unit in the localized
permutation categories, as defined in Section 8. The following conclusion concerns the canonical
family over a field in defining characteristic.

Corollary C. Miller’s comparison map
cq: Xg — Spech(Rg)

is a homeomorphism onto the open subspace

U D\ 11 b

H<G \beBg

The target has the full suspension-and-twist grading, with shift index s = —i. The ringed space
(X, OF) is a Dirac scheme in the sense of Hesselholt-Pstragowski [11, Definition 2.29].

The proof separates the two assertions. A fixed-sphere factor makes normalizer transfer retain
exactly one term after Brauer, giving injectivity without lifting individual conjugation-invariant
section classes from normal subgroups. Corollary B then makes the twist-zero chart rings
Noetherian. The bounded-coefficient assertion also makes their graded morphism modules finite.
A local comparison argument, proved in Section 8.2, gives the chart homeomorphisms, and
central localization identifies the graded sheaves.

The geometric argument also yields a model with only one twist. For an arbitrary finite
group G and a field k of characteristic p > 0, put Ug = 2R[G]. Write Cy,, for the complex C},
of the single-label family (Ug) over k, and set

RGE = @ Hom%(G)(k:,C’qu[s]).
q>0, s€Z

For a p-subgroup H let ty : k[2[G : H]] — Cy,, be its geometric forerunner. The twist degree ¢
in this section ring counts copies of Ug.



Theorem D. The bigraded ring R*® is Noetherian. Its comparison map identifies X homeomor-
phically with the open subspace

U D(ty) = Spech, z(Re) \ {my}, my = EB (RE®)sq-
H<G, H a p-group q>0,s

The ringed space (Xq, OF) is a Dirac scheme. The ideal m; is the unique closed point of the
ambient fully homogeneous spectrum.

The two gradings are retained in the ambient spectrum. The affine Dirac charts use suspension
degree after the twist has been trivialized. The proof finds a separator with doubled actual
target and embeds that target in a positive multiple of 2R[G]. A forerunner for the doubled
complement preserves separation, so the construction works without a canonical irreducible basis
for arbitrary finite groups. Gallauer and Miller use the same doubled regular representation and
its forerunners to determine the periodic locus of derived permutation modules [7, Appendix B,
especially Example B.7 and Proposition B.8].

The one-point complement realizes, for this explicit section ring, the geometric expectation
following Miller’s Question 1.11 [23, Section 1.4, Question 1.11 and the following paragraph].
Miller credits a verification using a different twist to ongoing work of Benson, Iyengar, Krause
and Pevtsova on Schur algebras. Question 1.11 asks for explicit generators and relations for a
subring recovering the spectrum; finite-module generation alone does not provide them.

Optimal coefficient bounds. A coefficient algebra sufficient for module-finiteness need not
distinguish points of the Balmer spectrum under contraction. We first record the optimal
coefficient counts and then describe when the coefficient algebra preserves the topological
comparison.

In the notation and under the hypotheses of Theorem A, there is such a central coefficient
algebra with at most Y ,cp(dim Vj, 4 1) homogeneous generators. For nonzero A, the minimum
number of sections of nonzero twist, homogeneous in homological degree and every formal
twist coordinate, generating a A-subalgebra over which the section ring with D = A is finite
is Y per |Aap(A)|. Here App(A) is the set of fixed dimensions at the trivial subgroup and at
p-subgroups of H for primes p that are not units in A. The minimum is attained by a central
subalgebra. These assertions are proved in Theorem 7.8 and Corollary 7.9.

For the ring R5® of Theorem D, if a = v,(|G|), where v,(|G]) is the exponent of p in |G,
then Rg’g is finite over a central algebra generated by a + 1 homogeneous elements, and fewer
elements homogeneous in both gradings cannot suffice. The a+1 dimension sums of Corollary 8.7
can be chosen as these generators, and their principal opens give an affine Dirac cover. This
number is minimal among covers by fully homogeneous ambient principal opens contained in
Xa. The coefficient construction in Section 7 also enters the proof of Theorem D: finiteness
over the dimension sums identifies the complement of the comparison image. The lower bounds
establish optimality of the coefficient count and of the specified cover.

For cyclic groups, we give such a presentation for a coefficient subring. If G = Cy» with
n > 1, Proposition 8.12 constructs a subring isomorphic to the following Stanley—Reisner ring of
a path:

KXo, .., Xnl/(XiX;:j—1>2),  |Xy|=(-2p,1),

over which Rgfg is finite. Its fully homogeneous spectrum, with its unique closed point removed,

is X. This answers the topological subring question for cyclic p-groups, with the optimal n + 1



homogeneous coefficient generators. The cyclic path topology is due to Balmer—Gallauer [3,
Proposition 8.3]; our proof gives the displayed subring and verifies its presentation by explicit
chain boundaries and cyclic periodicity. We do not identify its sheaf with the full Dirac sheaf or
claim a general full-ring presentation. Moreover, cyclicity is exactly the condition under which
an optimal homogeneous coefficient algebra can still separate the points of X among finite
p-groups: every optimal such algebra for a noncyclic p-group identifies distinct maximal-subgroup
closed points (Corollary 8.14).

Over finite fields, Proposition 8.9 gives, for every finite group, a lower bound on the number
of fully homogeneous sections of nonzero twist generating a coefficient algebra over which RrGeg is
finite and whose contraction separates the closed subgroup points. The bound permits unequal
twists. For C’g it is at least four over ), or Iz, whereas module-finiteness alone requires three.

Finite presentation of every section ring with coefficient complex equal to the tensor unit
follows from the central finite-module theorem (Corollary 7.6). Explicit relations and small
topology-preserving subrings require additional work.

The nonnegative twist condition is essential: the ring allowing arbitrary integer twists need
not be Noetherian, already for C), [3, Remark 12.25]. Our result concerns the original nonnegative
cone and does not assert that forerunners generate the whole ring as an algebra. Example 6.4
exhibits the distinction.

Organization of the proof. Sections 2 and 3 construct the sphere models and their fore-
runners. Sections 4 and 5 prove the core even-family finite-module theorem by induction
on subgroups and coordinate faces. Section 6 treats parity and bounded coefficients and de-
duces Corollary B. Section 7 proves Theorem A for arbitrary finite groups and Noetherian
bases. Theorem 7.8 and Corollary 7.9 establish the coefficient bounds stated above. Section 8
proves Corollary C, including its sheaf assertion, and proves Theorem D in Theorem 8.6 and
Corollary 8.7. It then proves the separation obstruction and the cyclic subring presentation.
Appendix A, independently of finite generation and the comparison transfer proof, classifies
irreducible spheres whose subgroup restriction maps on sections are surjective, and proves a
multiplicative norm lift for normal subgroups (Proposition A.4).

Notation guide. The main notation is collected below; changes of coefficient ring and specialized
one-twist notation will be stated explicitly.

K(G), #(G) Permutation homotopy category and its idempotent completion.

i,8 Homological section degree and suspension degree, with s = —i.

qgeNT Twist vector counting sphere factors; ¢ # 0 allows zero coordinates.

Ry, ML NL(D) Global section ring, restricted unit module, and coefficient module.

01 Chosen p-group forerunner into Cj; homological degree dim Vb" and twist
€p.

1Q,b Chosen integral doubled map and its base changes; homological degree
2 dim VbQ and twist 2e.

Ob.d Sum of doubled maps indexed by fixed-space dimension d; homological
degree 2d and twist 2e;, (Section 7).

to Forerunner into Cogg); suspension degree —2[G : H] and twist 1.

Ambient Spec” Full suspension-and-twist homogeneous spectrum.

Dirac chart grading Suspension degree after trivializing the twists.



2 Permutation complexes and sphere coefficients

Sphere chains and subdivision

The constructions in this subsection are valid for any finite acting group and any commutative
coefficient ring A. They are defined over Z and preserved by base change.

For a finite simplicial complex K, let A(K), be its augmented oriented chain module over A on
simplices with 7 vertices, including A(K )y = A[@]. The boundary is the usual alternating deletion
boundary, so a vertex maps to the empty simplex. Thus the unit sphere of a representation V'
gives homology in degree dim V. This convention is isomorphic to the usual shifted augmented
complex by degreewise signs if the formal shift uses the opposite differential. For a finite group
P acting simplicially on K, a section of degree 7 is a P-equivariant chain-homotopy class of maps
Afi] = A(K). Equivalently, it is an element of H;(A(K)?): a P-invariant degree-i cycle modulo
boundaries of P-invariant degree-(i + 1) chains. In Miller’s shift convention its degree is s = —i.

We use finite equivariant spherical polyhedral triangulations: each simplex is the intersection
of the unit sphere with a pointed simplicial cone in the representation. These can be made
compatible with any finite collection of linear subspaces by taking their defining hyperplanes,
adding finitely many hyperplanes whose common intersection is zero, closing the entire collection
under the group, and subdividing the resulting spherical cells. Two such triangulations have a
common equivariant polyhedral refinement, obtained by intersecting their cones. Barycentrically
subdividing this refinement gives a common admissible triangulation.

Lemma 2.1 (Admissible subdivision). Let a finite group P act simplicially and admissibly on
K. Over any commutative coefficient ring A, the natural subdivision map

s A(K) — A(sd K)

is a P-equivariant chain homotopy equivalence. Moreover s is natural for all simplicial automor-
phisms of K, whether or not their action is admissible.

Proof. For an oriented simplex [v1, ..., v,] put

slvr, ... 0] = Z sgn(m) [{vﬁ(l)} - {vrr(l)’ UW(Z)} c--C {vw(l)’ e 7U7r(r)}]7
TESy

and set s[@] = [@]. Cancellation of the internal faces proves ds = sd. Relabelling vertices proves
naturality, including the orientation signs on the source.

Choose a vertex v(F') in each representative of the P-orbits of nonempty faces F', and extend
the choices equivariantly. This is possible because the stabilizer of F fixes every vertex of F'. The
assignment F' +— v(F') defines a P-simplicial map a : sd K — K. For each nonempty original
simplex o, both a,s and the identity send its chain into A(c). For a nonempty flag with largest
face F', both sa, and the identity send its chain into A(sd F'). These supporting subcomplexes
are nested under taking faces and are contractible as augmented chain complexes over Z: o
is a simplex and sd F' is a cone on the vertex F. The stabilizer of ¢ fixes o pointwise. The
stabilizer of the flag preserves F', and hence fixes F' and its subdivision pointwise by admissibility.
Inductively fill the chain-homotopy equations in these subcomplexes on one representative of
each simplex orbit, and extend equivariantly. Both composites fix the empty simplex, so the
homotopy starts with zero in degree zero. This constructs the two equivariant homotopies
without division or averaging. O



Here a finite subdivision K’ of K triangulates the same polyhedron, with every old simplex
a union of new simplices. An equivariant subdivision has the same underlying group action.
Suppose K is P-admissible. Subdivision sends an oriented old simplex to the sum of its
coherently oriented subdividing top-dimensional simplices, and sends the empty simplex to itself.
Cancellation on interior faces makes this a P-equivariant chain map s: A(K) — A(K’).

Each new vertex has a unique smallest containing old face. Its stabilizer preserves that face
and fixes it pointwise, so a choice of an old vertex in it extends equivariantly. These choices
define a simplicial map a : K’ — K. For a nonempty old simplex o, the maps a4s and the
identity are supported in A(co). For a new simplex 7 # @, let F' be its smallest containing old
face; the maps sa, and the identity are supported in the chains of the subdivision of F. The
supports are nested under taking faces, and the relevant simplex stabilizers fix them pointwise
by admissibility of K. Their augmented integral chain complexes are bounded, free and acyclic,
hence contractible. On the empty simplex the maps agree, so the homotopies start with zero
there. The same orbitwise filling construction gives both equivariant homotopies, integrally
and after arbitrary base change. Thus the subdivision equivalence also applies to the common
refinements above.

Write Cy for these shifted augmented sphere chains with coefficients in A. Consequently
admissible spherical polyhedral models for a fixed representation have the same permutation
homotopy type. Also

Cvew ~ Cy @ Cw

equivariantly: use the join of the two sphere models, which is admissible when the group
preserves each factor, and a common admissible refinement. Under the chain convention
above, concatenation of the oriented vertex lists gives an exact chain identification A(K x L) =
A(K)® A(L). Its interchange sign is the Koszul sign, because the degree of a face is its number
of vertices.

Brauer detection and sphere symmetry

From this point through the end of Section 6, let G be a finite p-group and let k£ be a field of
characteristic p, unless a different acting group is explicitly specified. A permutation module
means a finite direct sum of modules k[G/P]. The permutation complexes used in this subsection
are bounded and homologically graded, with the sphere-chain convention above. Write Ig =
ker(kG < k) for the augmentation ideal and Mg = M/IgM for the coinvariant module of a
kG-module M.

Lemma 2.2 (The augmentation ideal). The augmentation ideal I C kG is nilpotent. Conse-
quently, a finite-dimensional kG-module M with Mg = 0 is zero.

Proof. Induct on |G|. For G # 1, choose a central element z of order p. The ideal J = (z — 1)kG
has J? = 0, and kG/J = k[G/(z)]. By induction, I C J for some n, so I[¥ = 0. If
Mg = M/IgM = 0, iteration gives M = I'*M = 0. O

For a subgroup P < G, define the Brauer quotient

M(P)=M")>" TrhH(M?), Tro(m) = > gm.
Q<P 9eP/Q

It is a module over k[Ng(P)/P]. This is an additive functor on module maps, hence acts
termwise on complexes and preserves chain homotopies. It need not be exact on arbitrary



module sequences; here we apply it termwise to permutation complexes. For a finite G-set X
there is a natural identification
P
k[X](P) = K[XT]. (2)

Indeed, the invariant vectors have a basis of P-orbit sums. Every non-singleton orbit sum is a
trace from its proper stabilizer, whereas every trace from a proper subgroup has zero coefficient
at a P-fixed basis element, since its index is divisible by p. For a map between permutation
modules, its Brauer map is therefore obtained by retaining the coefficients between fixed basis
elements.

The fixed-basis description also gives natural isomorphisms

(M@ N)(P)=M(P) N(P),  M*(P)= M(P)"

for permutation modules: use (X x Y) = X* x Y'* and the dual permutation basis. These
identifications preserve evaluation, the tensor symmetry, and the differentials on complexes.

Lemma 2.3 (Joint Brauer detection). A bounded complex D of permutation kG-modules is
contractible if and only if D(P) is acyclic for every P < G.

Proof. The forward implication follows because Brauer preserves homotopies. For the converse,
induct on the total number of transitive orbit summands in the terms of D. If this number is
positive, choose an occurring stabilizer P of maximal order, replacing conjugate orbit summands
by copies of k[G/P] when necessary. Put W = Ng(P)/P. Only the summands isomorphic
to k[G/P] survive Brauer at P: an orbit G/ has a P-fixed coset only if P is conjugate to
a subgroup of @), which by maximality forces equality of orders and conjugacy. Moreover,
(G/P)P = Ng(P)/P. Thus D(P) is a nonzero bounded acyclic complex of finite free kW -
modules.

At its lowest nonzero degree the incoming differential is surjective. Reduction modulo the
augmentation ideal of kW remains surjective, so some matrix entry of this differential has
nonzero augmentation. Let f : k[G/P] — k[G/P] be the corresponding component of the
original differential. We claim that f is invertible.

Write [P] for the basis coset P. Express the P-invariant vector f([P]) as

f([P]):ZCL()Z$,
o

zeO

where O runs over the P-orbits on G/P. The scalar induced by f on the one-dimensional space

k|[G/P|qg is
A= Zao\0| = Z ao.
0 0]=1

The second equality holds in characteristic p. Its right-hand side is precisely the augmentation
of the corresponding Brauer matrix entry on kW, so A # 0. Right exactness of coinvariants
gives (coker f)g = 0. By Lemma 2.2, coker f = 0. The map f is therefore surjective, and hence
invertible because its source and target have the same finite dimension.

Gaussian cancellation of an invertible differential component is valid in any additive category.
If the corresponding block matrix is (f %) with f invertible, changes of basis make it (é w—u(}*lu )
The relation 9% = 0 then isolates the two-term contractible summand with differential f. This
removes these two adjacent orbit summands from D. The remaining terms are sums of the
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other original orbit summands, and the new complex is chain homotopy equivalent to D. All its
Brauer complexes remain acyclic. Repeating the argument terminates, since each cancellation
removes two summands, and yields the zero complex. Thus D is contractible. ]

Lemma 2.4 (Sphere criterion for permutation complexes). Let C' be a bounded permutation
complez. If H(C(P)) is one-dimensional for every P < G, concentrated in one degree depending
on P, then C is tensor-invertible in the permutation homotopy category.

Proof. Use the usual homological dual C* and evaluation
e:C"C — k.

All terms are permutation modules. Brauer commutes with duals and tensor products, and
carries this map to the evaluation for C'(P). Over the field k, its induced map on homology is
the perfect pairing of a one-dimensional space with its dual, hence is an isomorphism. Thus
every Brauer complex of cone(e) is acyclic. Lemma 2.3 makes this cone contractible. Evaluation
is a chain homotopy equivalence and C* is a tensor inverse of C. O

For an admissibly triangulated representation sphere, Brauer retains the fixed simplices. The
shifted augmented chain complex Cy of the unit sphere consequently satisfies

H(Cy(P)) = k[dimg V7).

For VP = 0 the fixed unit sphere is empty and the augmentation term gives k[0]. For V =0
take Cy = k. Thus the preceding lemma proves invertibility of every sphere complex used here.
This gives a self-contained proof of the permutation-complex case of the criterion for endotrivial
complexes in [18, Theorem 3.4], credited there to Robert Boltje.

Lemma 2.5 (Parity for odd-order groups). Suppose p is odd. A real G-representation V' has
even dimension if and only if every fized space VT has even dimension. In that case V admits a
G-invariant complex structure.

Proof. For a nontrivial irreducible complex character x of an odd-order group, its Frobenius—
Schur indicator is
> x(g) =0,

geG

1
|Gl

> x(g?) = (1;|
geG

because squaring permutes G. Thus every nontrivial irreducible real representation is of complex
type. Decompose V into its trivial real summand and such complex-type summands. If dim V' is
even, the trivial summand also has even dimension and can be given a complex structure. The
resulting complex structure on V is G-invariant and preserves every V. The converse follows

by taking P = 1. O

Lemma 2.6 (Sphere symmetry and section commutation). Let C, = Cy, for a finite ordered
family of actual real G-representations. For homogeneous sections x,y with respective homological
degrees 1,7 and formal twists q,T, one has

Ty = (_1)ij+zb(dim Vb)‘]brbyx.

The same formula holds in every M}g, with the original formal labels retained after restriction
to H < G. In particular, if p = 2, or if all dimV}, are even, the only commutation sign is the
ordinary homological sign.
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Proof. Invertibility gives End(C, ® Cp) = End(k) = k. The self-interchange of Cj, is therefore a
scalar. Forgetting the group action detects the scalar on ordinary top homology, where it equals
(—1)(dimVe)* — (_1)dimVs When two block-ordered products are compared, reversing the g, and
rp, copies of label b makes g7, such interchanges. Naturality of symmetry on the sources k[i] and
k[j] contributes (—1)¥. Multiplication is defined with the same block order on both sides, which
proves the formula. Formal labels remain distinct even when their sphere objects are isomorphic.
Restriction preserves the equivariant chain homotopies expressing each self-interchange as its
scalar, so the same argument applies to all sections of the restricted objects, including sections
that do not lift to G. O

3 Forerunners and central coefficients

We use the orbit-sum forerunners of Gémez—Miller [8, Construction 8.5 and Proposition 8.7(a)].
For a p-group over k, their orientability condition is automatic. We give the construction, the
determinant argument, and the fixed-subspace calculation explicitly.

Lemma 3.1 (Geometric forerunners). Let G be a finite p-group, let k have characteristic p, and
let V' be an actual real G-representation. There is a finite admissible sphere-chain model Cy
such that, for every subgroup H < G, there is a G-equivariant chain map

Oy : k[dim V] — Oy

whose Brauer map at H is a quasi-isomorphism. The model may be chosen once for all subgroups

H.

Proof. For V = 0 take Cy, = k and the identity map. Otherwise, use the simultaneous admissible
sphere model of Section 2, in which every § (VH ) is a subcomplex. Take its shifted augmented
chains. Orient simplex-orbit representatives and transport their orientations; admissibility makes
the chain terms permutation modules.

Fix H, write U = V¥ and put d = dimU. If d = 0, use the bottom Euler map k — Cy .
The H-fixed unit sphere is empty, so its Brauer map is the identity of k[0].

Suppose d > 0. Let N be the setwise stabilizer of the subspace U in G, and choose a nonzero
augmented top fundamental cycle zy of the subcomplex S(U). It has degree d in the shifted
augmented complex. The space of such cycles is one-dimensional, because S(U) has no cells
above dimension d — 1. The action of N on this space is the orientation character of U. It is
trivial over k: a group of odd prime-power order has no nontrivial determinant character with
values in {£1}, and at p = 2 both signs equal one in k. Thus 2y is an N-invariant cycle. Define

z = Z gzy.

geG/N

It is independent of the chosen coset representatives and is a G-invariant cycle, hence defines a
chain map k[d] — Cy.

The Brauer map retains exactly the H-fixed simplices. Any such simplex lies in S(VH) =
S(U). If gU # U, then gU NU has dimension strictly less than d, so its unit sphere contains no
simplex of dimension d — 1. Consequently the translate gz contributes no degree-d simplex to
the Brauer image. Exactly the coset N contributes, and its contribution is zy. This is the top
fundamental cycle of the H-fixed sphere. The resulting Brauer map is a quasi-isomorphism. [
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Lemma 3.2 (Removing the top subgroup). Let H be a finite p-group and D a bounded complex
of finite permutation kH-modules. If D(H) is acyclic, then D is chain homotopy equivalent to a
bounded permutation complexr whose orbit stabilizers are all proper subgroups of H.

Proof. Decompose each term into its transitive permutation summands. Brauer at H retains
precisely the summands k[H/H] = k and annihilates every proper orbit. Its differential is
the matrix of the components between these trivial summands. Any nonzero entry is an
invertible scalar, so the corresponding pair of trivial summands can be removed by ordinary
Gaussian cancellation in the original complex. The remaining terms are still sums of the
original permutation summands. Brauer preserves the cancellation and acyclicity. Repeat until
no nonzero scalar entry between trivial summands remains. This terminates because each
cancellation removes two summands. The remaining Brauer complex has zero differential and is
acyclic, hence has no terms. Consequently no trivial summands remain. 0

Lemma 3.3 (Central coefficients). Suppose p =2, or every V}, has even dimension. Then
Sur =Sy =k5:J <H, beT]CRy

is a finitely generated central commutative algebra, and its restriction image is central in M.
It is Noetherian independently of any finiteness assertion about the section modules. For an

arbitrary real family, the same holds for Sg)T.

Proof. For even-dimensional representations at odd primes, Lemma 2.5 makes every forerunner
degree even. Lemma 2.6 then makes these classes central both globally and after restriction.
In characteristic two every sign is one. For an arbitrary family, a squared forerunner has even
homological degree and even twist, so the same commutation formula proves its centrality. In
each case the coefficient algebra is a quotient of a polynomial ring in finitely many variables.
Hilbert’s basis theorem therefore applies before any finiteness assertion about Rp or M}TI O

Until Section 6, assume p = 2 or that every V} has even dimension, and write Sy for
the first-power algebra. Under these hypotheses the chosen forerunners generate a central
commutative algebra, as used in the induction.

4 The signed left-module cone

We construct the dg module used in the subgroup—face induction. All chain complexes are
homological, with differential 0 of degree —1. For a homogeneous element z, write |z| for its
degree.

Use the induced order on T'. Form the differential graded G-algebra

A=) Tu(Cy), Ti(Cy) = P .

beT n>0

The multiplication concatenates each label block. On homogeneous block tensors a = @ aj,
r=Quxj, it is

ar — (_DZKJ- la]|z:| ®(Gz$z) (3)

This is strictly associative and satisfies the differential Leibniz rule. For U C T and L < G, write
AV = (®.cp Te(Ce))F and A, = AT = AL, Then A is a left dg Ag-module, H(Ag) = Rr,
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and H(Ay) = M. Each twist component is a bounded complex of finite-dimensional vector
spaces. All constructions respect the twist grading.

Choose b € T and a global chain map 6 : k[d] — C}. Let eq be the generator of k[d], and
also write 6 for the G-invariant degree-d cycle 0(eq). Its twist is e;. Use the source Ay ® k[d] in
this shifted twist, and define

t(r ®eq) = 20, Ky = cone(t).

Right multiplication is a degree-zero map from this source and is strictly left Ag-linear by
associativity.

As a graded vector space the cone has elements y + s(z ® e4), where s raises degree by one;
thus |s(z ® eq)| = |z| + d + 1. Suppress ¢4 in the following formulas:

Ok (y, sx) = (Oy + 260, —sdx), (4)
a-(y,sz) = (ay, (-1)1"s(az)). (5)

The second formula is the suspended left-module action. Write L, (v) = a - v for this operator.
Direct substitution verifies
Ok Lo — (1) L0k = Lo,.

If z = Oh in Ag, then Lj is a nullhomotopy for its action on Ky, including when h has odd
degree. Consequently the action on H(Kp) factors through the algebra H(Aqg) = Rr; every
relation among the chosen generators of Sy r acts as zero. The same formulas give an action
of Ap, since 6 is H-invariant. Hence a global relation that becomes a boundary only after
restriction also acts nullhomotopically. We retain the Ag-action to compare all subgroups using
one ambient algebra.

Put E = cone(k[d] 4 Cy), so E = Cy, @ sk[d] and Op(seq) = 0. Let Ky 4 denote the
sum of the cone components with g, > 0. It is a left dg Ag-submodule because all twists are
nonnegative.

Lemma 4.1 (Cone identification in twists with g, > 0). With the twist of E declared to be ey,
there is an isomorphism of left dg Ag-modules

(A®@Resg E)H = Ky .
Here A is restricted to H on the left, and Ag acts by multiplication on its first factor.

Proof. First work before taking invariants. Put Ag,~0 = @genr, 4,0 Cr(q). Multiplication is
an isomorphism of graded left A-modules

A®Cy, — Ay, >0, T ® c— xC.

Its inverse removes the final letter of the b-block, moving that letter across all later label blocks
with the Koszul sign. Every word with ¢, > 0 has exactly one such factorization. Left linearity
is simply a(zc) = (ax)c; thus no commutation of two arbitrary letters in the same tensor algebra
is being assumed.

Extend this to the cone by the map

O(x @ c) = xe, B(z @ seq) = (—1)s(z @ eg). (6)

14



The first formula includes the block-regrouping sign in (3). For the suspended generator,
A(x @ seq) = 0z @ seq + (—1)1*lz ® 0.

Applying ® gives (—1)/%=1s0z + (—1)I*lz6, which is exactly dx ((—1)*lsz). The nonsuspended
formula commutes with the differential by the Leibniz rule. Likewise

®(az @ seq) = (=Dl s(a2) = a®(z @ seyq),

using (5). Thus @ is a chain isomorphism and left-module isomorphism. It is G-equivariant
since # is global. Restricting to H and taking invariants proves the claim. In a twist ¢ with
qp > 0, this is precisely

(Cr(q—en)la ® Ela)" = (Kn),.

O
Lemma 4.2 (The face g, = 0 as a quotient). Let F' =T \ {b}. There is a short exact sequence

of dg left Ag-modules
0— Ky, — Ky — Al; — 0,

where the quotient action factors through the algebra projection Ag — Ag that sends every word
with g, > 0 to zero. It induces the short exact sequence of Sy r-modules

0— H(Kyy) — H(Kg) — M} — 0. (7)
On the last term the coefficient action factors onto Sy r.

Proof. At g, = 0 the source of t is zero, so the cone is exactly Af{}. All coefficients with ¢, > 0
act as zero in the quotient; all other coefficients act by multiplication in AZ. The differential
preserves twist, so the sequence splits as chain complexes by the twist grading. Its connecting
homomorphisms are zero, giving (7). This splitting is not asserted to be Sy p-linear. The
summand with g, = 0 need not be a submodule. O

5 Relative finite generation
For a bounded permutation H-complex D define the dg left Ag-module and its homology module
Tu(D) = (Alg @ D), Nj(D) = H(Tu(D)).

The coefficient algebra Sy 1 acts through H(Ag). For a selected label b and its H-forerunner
0 = Omp, apply Section 4 to the cone Ky of right multiplication by 6. The proof reduces its
part with g, > 0 to proper subgroups, identifies its ¢, = 0 quotient with a smaller face, and lifts
finite generators by descent in the selected twist coordinate.

Lemma 5.1 (Equivariant cellular finiteness). Assume M:‘]F is finite over Syt for every proper
subgroup J < H. If D is H-equivariantly chain homotopy equivalent to a bounded permutation
complex all of whose orbit stabilizers are proper subgroups of H, then Ng(D) is finite over Sy .
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Proof. For an orbit term there is a chain isomorphism

Al = (Alg @ k[H/J)H, T —> Z gz ® gdJ. (8)
geEH/J

It is well defined because x is J-invariant; its inverse takes the coefficient of the coset J. For
a € Ag we have g(ax) = a(gx), so this is an isomorphism of dg left Ag-modules. The induced
action on Mf is exactly global restriction, with every original twist label retained. A finite set
generating it over S;r C Sy also generates it over Sy 7; the latter action exists independently
of the induction hypothesis.

Filter the bounded model of D by its lower brutal truncations D<,, retaining the original
terms and differential in degrees at most n and using zero above. The successive quotient is
D,,[n], a finite sum of orbit terms concentrated in degree n. The resulting short exact sequences
of tensor complexes are split in each degree as H-modules. Taking invariants therefore preserves
their degreewise exactness. All maps and connecting homomorphisms respect the Sy r-action.
By (8), each quotient homology is finite over Sy 7. The homological shifts introduce no coefficient
sign, since the coefficient generators are even at odd primes and signs vanish at two. The long
exact sequences and Noetherianity of Sg r show successively that the total homology is finite.
The number of nonzero filtration quotients is bounded by the number of degrees in which the
chosen bounded model of D has a nonzero term, independently of q.

Finally the construction preserves chain homotopy equivalences in D. For an H-equivariant
homotopy & of degree one, the tensor homotopy is  ® z — (—1)1lz ® h(z). Tt is graded left
Ag-linear and remains a homotopy on invariants. Thus replacement by the proper-stabilizer
model is compatible with the action, even though that replacement is only H-equivariant. [J

Theorem 5.2 (Even-family finiteness). Suppose p = 2, or every Vj, has even real dimension.
For every H < G and every face T C B, the globally labelled section algebra Mg] is finite over
the restriction image of

SH,T:k[(gJ,b :J < H, bET] C Rp.

Proof. Fix the ambient (G, its sphere models, and all its global forerunners once. Induct
lexicographically on (|H|,|T|): for a fixed H, assume the assertion for all proper subgroups with
every face, and then induct on the number of labels in the current face. At the empty face
Mg =k and Spo = k.

For nonempty T, choose b € T, put F =T \ {b}, d = dim V}/, and 6 = 0. Let

D = Res$ cone(k|d] N Ch).

Its Brauer complex D(H) is acyclic by the forerunner property. Lemma 3.2 replaces it by
a bounded permutation model with proper stabilizers. The smaller-subgroup induction and
Lemma 5.1 prove that N} (D) is finite over S u,7- For H =1, the same cancellation gives the
zero model, so this assertion reads N{ (D) = 0 and requires no smaller subgroup.

Use the right-multiplication cone Kp of Section 4. By Lemma 4.1, H(Kpy 1) is N4 (D) with
its twist shifted by e, hence finite over Sy 7. The smaller-face induction gives that M 5 is finite
over Sy r. In the face quotient of Lemma 4.2, the Sy r-action factors onto that algebra. The
exact sequence (7) therefore proves that H(Kp) is finite over Sy 7.

The cone long exact sequence is an exact sequence of modules over Sy 7. In particular it
induces an injection

M} /tMY, — H(Kpg). (9)
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The dg action (5) induces these Sy r-module structures. Since Sy 7 is independently Noetherian,
(9) makes M} /tM}; finite.

On M} = H(Ap), Lemma 3.3 identifies right multiplication by € with left multiplication by
its restricted class, since d is even at odd primes. Thus the induced map ¢ on Mg is the action
of an element of Sy 7.

Choose finitely many homogeneous generators of the quotient and lift them to homogeneous
elements my, ..., m, of M%. For any homogeneous m of twist ¢, choose a homogeneous Sy r-
linear combination of the m; representing its quotient class. The difference is tm’ for m’ of twist
q—ep. If ¢ = 0 the difference is zero; otherwise the total twist of m’ is strictly smaller. Induction
on Y qp therefore proves that the lifts generate all of M}_FI This completes the subgroup and
face inductions.

O

6 Coefficient complexes and arbitrary representation families

We now return to the modules N4 (D) of (1). The coefficient complex D need not be the
restriction of a G-complex. The complex (A|g ® D) is a dg left Ag-module. If a cycle in Ag
becomes a boundary in Ay, an H-invariant primitive acts as a nullhomotopy on this module.
The action on homology therefore factors through the restriction image in M}; We first allow
bounded permutation coefficient complexes, then isolate the supplied-map criterion and apply it
to squared sphere families. Finally we retain an arbitrary bounded finite-dimensional coefficient
complex inside the subgroup—face induction.

Corollary 6.1 (Bounded permutation coefficients). Under the hypotheses of Theorem 5.2, the
module N1 (D) is finite over the restriction image of Sur for every subgroup H < G, every face
T, and every bounded permutation kH -complex D.

Proof. Filter D by its lower brutal truncations, as in Lemma 5.1. Each quotient is a finite sum of
shifted orbit modules k[H/J], now allowing J = H. The equivariant isomorphism (8) identifies
each quotient homology with a finite sum of shifts of M7, with the actual global section action.
Theorem 5.2 makes each ME,F finite over S;7 C Sy T, so the entire quotient homology is finite
over Sg,r. The filtration sequences are split degreewise as H-modules, so remain exact after
tensoring with A and taking invariants. Their long exact sequences are S r-linear. Since Sy 7
is Noetherian, induction through the finite filtration proves the claim. O

Proposition 6.2 (Algebraic input criterion). Let G be a finite p-group, let k be a field of
characteristic p, and let (Py)pep be a finite ordered family of bounded permutation kG-complezes.
Suppose that, for every J < G and b € B, there is a global chain map

agp - k[dJ7b] — Pb

whose Brauer map at J is a quasi-isomorphism. If p is odd, assume that every djp is even. For
this family define N (D) by (1) with Cy, replaced by Py,. For every H < G, T C B, and bounded
permutation kH -complex D, the module NITI(D) is finite over the restriction image of the central
commutative algebra kloyp - J < H, be T).

Proof. The supplied maps give one-dimensional Brauer homology for each P, at every subgroup.
Lemma 2.4 therefore makes P, invertible. Its self-interchange is a scalar in the permutation
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homotopy category. The map a; identifies ordinary homology with k[d; 3], so the scalar is
(—=1)M» = 1 under the stated parity conditions. Restriction preserves these self-interchange
homotopies. Consequently the section rings for G and every H have only the usual homological
commutation sign, by the proof of Lemma 2.6. The even-degree . (or characteristic two) give
central coefficient algebras, which are Noetherian by Hilbert’s basis theorem.

To apply the induction, form @, Tx(P,). Every construction in Section 4 is a chain-level
construction for these bounded permutation complexes and their global maps. For the chosen
Qi p, its restricted cone has acyclic H-Brauer complex; Lemma 3.2 removes the full stabilizer.
The proper-subgroup filtration of Lemma 5.1 and the face quotient of Lemma 4.2 now apply.
Thus the proof of Theorem 5.2, with Cj, replaced by P, and 6, by oy, gives finiteness for
D = k: the cone makes the quotient by ary finite, and descent in nonnegative twist degree lifts
its generators. Finally the finite filtration in Corollary 6.1 handles every bounded permutation
coefficient complex D. The dg action of the restricted tensor algebra shows that this action
factors through the actual restriction image, as at the start of this section. O

The parity hypothesis can be removed by using squares of the forerunners. The distinction
concerns the coefficient algebra: for an arbitrary real family at an odd prime, sections into a
single sphere factor need not be central in the ordinary sense.

Corollary 6.3 (Arbitrary real families). For any finite ordered family of actual real G-
representations, every H < G, every face T, and every bounded permutation kH-complex

D, the module Ng(D) is finite over Sg)T If p =2 or every V has even dimension, it is also
(1)

finite over Spp. These coefficient algebras are central and commutative in the respective cases.
Each Rr is finitely generated over k and is left and right Noetherian; at p = 2 it is commutative.

Proof. The first-power assertion is Corollary 6.1. For the squared assertion, take any real family

and write
Ey=Cg? 03, :k[2dimV)] — E.

The complexes Ej are bounded permutation complexes. The Brauer functor preserves tensor
products, so each (Hjb)(J ) is a quasi-isomorphism, and the degrees of all these maps are even.
Proposition 6.2 therefore applies directly to (E}) with these supplied maps. In particular, the
self-interchange of Ej is the identity in the permutation homotopy category; no strict chain-level
identity of the tensor flip is needed. We identify the formal twist n for this family with the
original twist 2n.

We check that this application respects the action on the original family, including its labels
and multiplication. In its ordered tensor algebra

A=) T(Ch)

beT

the subalgebra of even twists is

.Aev = ®Tk(Cg§2) = @ CT(QW,).

beT neNT

This is an equality of differential graded G-algebras, using concatenation in each ordered block.
For € € {0,1}7 let
Ac= P Cr(2n+e).

neNT
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Multiplication gives an isomorphism of differential graded left Ae,-modules
Aey @ Cp(€) = A, TRz — T2, (10)

Indeed, its inverse removes the last ¢, letters of each b-block, moving them to the final tensor
factor with the Koszul sign. Thus it is a graded vector-space isomorphism. The Leibniz rule
makes it a chain map, and associativity gives a(zz) = (az)z, so it is a G-equivariant isomorphism
of left dg Aey-modules. The construction preserves the order within each label block and retains
all formal labels.

Restrict (10) to H, tensor with D, and take H-invariants. It identifies the residue-e part of
N} (D) with the even-family coefficient module having bounded permutation coefficient complex
Resg Cr(e) ® D. By the preceding application of Proposition 6.2, this is finite over the algebra
generated by the Hjb. Under the inclusion Ae, C A, its action is exactly the restricted action of

Sg)T There are only 27| residues, so their sum N} (D) is finite over that algebra.

By Lemma 3.3, SI(T{Q)T is a finitely generated central commutative algebra. Taking H = G and

D = k makes R a finite module over its Noetherian central subalgebra Sg )T Every left or right

ideal is a submodule over that algebra, so ascending chains of either kind stabilize. Finite algebra
generators of Sg )T together with finite module generators of Ry generate Ry over k. At p =2
the commutation formula makes Ry commutative. This proves the permutation-coefficient case
of Proposition 1.1, the sharper p-group form of Theorem A. Choosing the canonical family gives
the corresponding case of Corollary B, with first-power coeflicients by parity. Proposition 6.6

below gives the stated extension to arbitrary finite-dimensional coefficients. O

Ezample 6.4 (Endpoint forerunners for a cyclic group). Let p be odd, let G = C),, and let V' be
a nontrivial irreducible two-dimensional real representation. Choose a generator g whose action
on V is rotation through 27 /p. Its sphere complex has the model

C=kKGL5 kG SE)  in degrees 2,1,0.

Writing N =1+ g+ --- + ¢?~ !, the invariant terms in degrees two and one are both kN. Their
differentials vanish. Consequently the section space of twist degree one has a basis

ac Hy(CY), ceH(CY, be Hy(C%).

Here a is the bottom Euler section and b is the top fundamental section. They may be chosen
as the forerunners at G and 1, respectively. The middle class ¢ is nonzero and satisfies ¢? = 0
by graded commutativity. Since a and b have even homological degree, ¢ ¢ k[a, b], although
Theorem 5.2 makes the full section ring finite as a module over k|a, b|.

Remark 6.5. The squares in the arbitrary-family statement address an actual sign issue. At an
odd prime, take two separately labelled trivial real lines. Their sphere complexes are k[1] up to
homotopy, and the degree-one sections x and y in their respective twists satisfy zy = —yz # 0.
Thus first-power forerunners need not be central for this family. The squared coefficients have
both even degree and even twist.

An arbitrary finite-dimensional coefficient complex D need not admit the permutation-
term filtration used above. We therefore retain D throughout the subgroup—face induction. To
identify the resulting cone map with the coefficient action, we use the equivariant self-interchange
homotopies before tensoring with D.

19



Proposition 6.6 (Arbitrary finite-dimensional coefficients). With the hypotheses and Py-family
notation of Proposition 6.2, the same finite-module conclusion holds for every bounded complex
D of finite-dimensional kH -modules. Its terms need not be permutation modules. In particular,
Proposition 1.1 and Corollary B admit these coefficient complexes.

Proof. Write A = Qper Tk(Py) and Ty (D) = (Aly ® D). The dg left Ay = AH-action shows
that the homology action factors through the actual restricted coefficient algebra. We induct on
(|H|,|T|), proving the assertion simultaneously for every bounded finite-dimensional coefficient
complex at each subgroup and face. For the empty face, H (D) is finite-dimensional over k.

Fix a nonempty face and choose b € T. Put o = aprp, d = dprp, and E = cone(k[d] % P)lg.
The Brauer-acyclicity and cancellation argument replaces F by a bounded permutation complex
with proper stabilizers. Filter this complex E, retaining D throughout. A filtration quotient is
a finite sum of shifted k[H/J] ® D with J < H. On an invariant sum, the isomorphism

(Al @ Resl! D)) == (Alg @ k[H/J] @ D)¥

is given by

ng®2g»—> Z ng’g@gJ@ng.
¢ geH/J {

Its inverse takes the coefficient of the coset J, and it respects the global coefficient action. The
smaller-subgroup induction therefore makes each quotient module finite. The filtration is split
degreewise as an H-module filtration before taking invariants; its exact homology sequences and
Noetherianity make NZ(E ® D) finite. Tensoring an equivariant chain homotopy in F with D
and A preserves equivariant chain homotopy equivalences.

Use right insertion of a on the A factor to define

t:Ty(D)® kl[d — Ta(D), H(r®z)®ey) =2a® z,

with its twist shifted by e,. The usual interchange would contribute (—1)%*|, which is one

because d is even at odd characteristic and signs vanish in characteristic two. Thus ¢ is a chain
map and is strictly left Ag-linear. Its cone is a dg left Ag-module. The part in twists with
@ > 0is (A® E® D)H: the nonsuspended map is # ® c® z ++ z¢® 2z, and the suspended map is

T ® seq®z— (—1)Pls((z ® 2) @ eq).

The calculation in Lemma 4.1 applies with D retained. On the suspended term its differential
contributes (—1)™! = —1, exactly the cone sign, while the source interchange contributes
(=1)4#l = 1 under the stated parity convention. At g, = 0 the cone is the smaller-face module
with coefficient D. The sequence split by the twist grading, together with the smaller-face
induction, therefore makes the full cone homology finite.

It remains to identify H(¢) with the coefficient action of a. The proof of Proposition 6.2
makes the self-interchange of each P, equivariantly chain homotopic to the identity. For a fixed
twist ¢, put X = @, P®%. Then naturality of symmetry moves « : k[d] — P, through X. After
regrouping the ordered label blocks, the discrepancy between left and right insertion consists only
of gy self-interchanges of P,. Their composite is homotopic to the identity. Since (—1)d|$| =1
under the same parity convention, left and right insertion define equivariantly homotopic degree-d
maps on X. Tensor the homotopy with D, then take H-invariants. Consequently H (t) is exactly
multiplication by the restricted class o on N (D).
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The cone sequence now embeds N7 (D)/aN} (D) into the finite cone homology. This quotient
is finite over the Noetherian coefficient algebra. Lift finitely many homogeneous generators.
Subtracting a lift leaves arm’ with b-twist smaller by one, so descent in the nonnegative twist
degree proves that the lifts generate N}; (D). This completes the simultaneous induction. For
arbitrary real families, apply this result to the squared family and use the residue decomposition
(10); its new coefficient complex Cr(€)|g ® D is still bounded and finite-dimensional. Together
with the first-power case above, this completes Proposition 1.1 and Corollary B for all their
stated coefficient complexes. O

7 Finite groups and Noetherian coefficient rings

We now allow an arbitrary finite group GG and a commutative Noetherian coefficient ring A. This
section proves the general form of Theorem A. The geometric inputs are integral representation
spheres and doubled forerunners, already constructed in [8, Theorem 5.6, Construction 8.5 and
Proposition 8.7(a)]. We give the needed arguments, including the passage from fields to Z and
then to A.

Choose integral admissible sphere complexes (7 using the simultaneous fixed-subspace
triangulations of Section 2. For any commutative coefficient ring A, put Cj, 4 = Cp 7 ®7 A and
Ey o= Cbé?f‘. For n € NT' write

Era(n) = Q) E %"
beT
For H < G, T C B, and a bounded AH-complex D, define

NES(D) = @  Hi(Res§ Eran) ®a D)), MES = NEY(A).
neNT ieZ

The vector n records exponents in the doubled family; its original formal twist is 2n. We use
the notation Ry, N4 (D) and M} of Section 1 over A, with A in place of k and M} = NL(A).
The join of two copies of the chosen triangulation is G-admissible, since G preserves each of its
two factors. Its shifted augmented chain complex is exactly

2
Epz = C,E?Z.

The fixed subspace of the doubled representation at @) < G is VbQ D VbQ. Its setwise stabilizer
acts on its orientation line by the square of a determinant, hence trivially over Z. For each
nonzero doubled fixed subspace VbQ @ VQ, choose a primitive integral fundamental cycle of its
unit sphere in shifted degree 2 dim VQ7 and transport the choices within each G-orbit. For the
zero fixed subspace use the bottom Euler map. The orbit-sum construction then gives integral
global maps

now: Z2dm Ve — B,z (Q < Q). (11)

At Q = 1 choose the primitive top fundamental cycle, with compatible tensor orientations.
After reduction modulo p, the map 7 ,(Q) is a quasi-isomorphism for every p-subgroup Q: the
fixed-simplex argument of Lemma 3.1 is unchanged. These maps need not be squares of global
maps into C 7.

Lemma 7.1 (Integral sphere symmetry). Every Cyz is invertible in K®(perm(ZQG)). Its self-
interchange is multiplication by (—1)%™Ve  Both assertions persist after base change to any
commutative Ting.
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Proof. Put C' = Cj 7z and use its homological dual C* = Homgz(C,Z). Let @ be the cone of
the evaluation C* ® C' — Z. It is a bounded integral permutation complex. For every prime
p, restrict Q@ ® IF,, to a Sylow p-subgroup P of G. Every Brauer complex of this restriction
is acyclic, because fixed spheres have one-dimensional homology and evaluation is its perfect
pairing. Lemma 2.3 gives a P-equivariant contraction. Averaging this contraction over G/ P and
dividing by [G : P] gives a G-equivariant contraction over [F).

The complex Homz;(Q, Q) is bounded and finite free over Z. Its formation commutes with
reduction modulo p: for finite G-sets X, Y, the matrices which are 1 on one diagonal G-orbit
of Y x X and 0 elsewhere form a Z-basis of Homzg(Z[X],Z[Y]). Their reductions form the
corresponding basis over IF,,. Universal coefficients therefore give

HoHomza(Q,Q)/p — Ho HOIDIF,,G(Q @ Fp, Q@ ® Fp) =0.

A finitely generated abelian group with zero quotient modulo every prime is zero. Thus the
identity of () is nullhomotopic, and evaluation is a homotopy equivalence integrally.
Invertibility identifies the endomorphisms of CZS?ZQ with Z. Ordinary top homology detects
the interchange scalar, which is (—1)4™". The equivalences and homotopies base change to
any coefficient ring. O

Consequently the section commutation formula of Lemma 2.6 holds integrally and over A.
Each ng p has even degree and twist 2e;, so these classes are central. For H < G and T' C B, put

Pyryg =2Zxgp: Q< H, beT], Qb 1MQb-

We work first over this formal polynomial algebra, without assuming flatness of its image. The
actions on section modules factor through the actual image of the restricted global classes. For
any coefficient ring A as above, set

Pyra= A[CIZQJ, Q< H beT]= Py 17 ®z7 A.

Its action sends xg to the class of resg(nQ’b ®z A). This operator increases the doubled-family
exponent by e, and the original twist by 2e.

Lemma 7.2 (The field step). For every H < G, every T C B, and every bounded permutation
F,H -complex D, the module Ng’%Z(D) is finite over Py, .

Proof. Let P be a Sylow p-subgroup of H. Restrict the doubled family and all global maps
nQp for Q < P to P. Their degrees are even and their ()-Brauer maps are quasi-isomorphisms.
Proposition 6.2 makes the module at P finite over these classes, hence over the larger acting
algebra Py rr,. For every complex X of Fj, H-modules, the chain maps

[H:P)~ ' TrH

xH 4 xP r, xH

have composite the identity. Apply them for each doubled-family exponent n to X = Erp,(n)|g®
D. They commute with the global coefficient operators: for an H-invariant coefficient cycle a,
Tré (ax) = a Tri (). The section module at H is a submodule of the finite section module at P
over a Noetherian polynomial algebra, and is therefore finite. O

Lemma 7.3 (The integral step). For every H < G and T' C B, the module MI:_FI’%V is finite over
Purz.
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Proof. Fix H,T, write Py 1z = Py, and put M = M;{FI’QZV. Let N be the corresponding module
after forgetting the group action. Primitive top fundamental classes identify IV with a polynomial
algebra over Z, with one generator for each label. They are the actions of z1 3, so N is finite
over Py. The image I of restriction M — N is a submodule of N, hence finite. Its kernel K is
annihilated by |H|, because transfer back from 1 to H composed with restriction is multiplication
by |H]|.

Invariant chains are free abelian with orbit-sum bases, and their formation commutes with
base change. For every prime p | |H|, universal coefficients thus identify M /pM with a submodule
of the mod-p even-family module. Lemma 7.2 and Noetherianity of Py/pPy imply that M /pM
is finite. Since N is free abelian, its subgroup I is torsion-free. Reducing0 - K - M — I — 0
modulo p therefore gives

0 — K/pK — M/pM — I/pI — 0.

The kernel K/pK is consequently finite over the Noetherian algebra Fy/pF.

Write |H| = [[p®. Bézout’s identity gives idempotents that split K into its finitely many
primary summands K, each killed by p®. The quotient K, /pK, is finite. Lift a finite set of
its generators and let L, be the submodule they generate. Then K, = L, + pK,, and finite
iteration gives K, = L, + p*? K}, = L,,. Thus K, and then M, are finite. If H = 1, restriction
already identifies M = N and no torsion argument is needed. The bound |H|K = 0 is uniform
in all twists and homological degrees. O

The integral argument uses three inputs: finite generation after forgetting the group action,
finite generation modulo the relevant primes, and a uniform group-order bound on the restriction
kernel. The same argument works over a localization of Z; we use this variant in Theorem 7.8.

Proof of the finite-module and Noetherian assertions of Theorem A. First use even twists and
unit coefficients. Let M be the finite integral module of Lemma 7.3. The invariant chain complex
over A is the integral invariant complex tensored with A. For a doubled-family exponent n,
write M; , = Hi((Erz(n)|g)™). Universal coefficients for each doubled-family exponent n give
the natural exact sequence

0 — M, ®z A — Hi((Epa(n)|m)?) — Tork(M;_1,,A) — 0. (12)

The direct sums of the outer terms are M ®z A and the homological suspension of TorZ (M, A).
Both are finite over Py A = Alzgp). For the Tor assertion, resolve M by a free Py 7 z-resolution
whose terms have finite rank. Such a resolution exists by Noetherianity; it need not have finite
length, and its terms are Z-flat. After tensoring with A, its first homology computes the stated
Tor group. Kernels and images in its finite free Py p r-terms are finite, because this polynomial
ring is Noetherian. Here the resolution is taken over the formal polynomial algebra, not its
possibly nonflat actual image.

Naturality of universal coefficients for each even-degree chain operator gives the required
polynomial action on the exact sequence. By Lemma 7.1 and the commutation formula above,
the commutators of the integral coefficient cycles are boundaries of G-invariant integral chains.
Left multiplication by these primitives gives homotopies between the composite operators. These
homotopies persist after restriction, arbitrary base change, and taking invariants. Naturality
and homotopy invariance identify the induced tensor and Tor actions. A simultaneous strict
polynomial action on the chain complex is not required. Each twist is a bounded complex of free
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abelian groups, and taking the direct sum of these natural exact sequences is exact; no global
bound on the amplitudes of all twists is used. Therefore the even-family unit module over A is
finite. No flatness assumption on A or on the actual coefficient image is involved.

This holds for every subgroup with the same original global labels and coefficient classes.
Filter a bounded permutation AH-complex D by its lower brutal truncations. The orbit-module
isomorphism (8) identifies each successive module with a finite sum of shifted subgroup modules.
The filtration is split degreewise before taking invariants, so its long exact homology sequences
are exact and coefficient-linear. This proves finiteness for every bounded permutation coefficient
complex D.

Finally apply the dg module isomorphism (10) over A, restrict to H, and tensor with D. For
each € € {0,1}7 it identifies the summand of N7 (D) with twists ¢ = ¢ (mod 2) with

N (Resf Cr(e) @5 D),

where exponent n is regraded as original twist 2n + €. There are finitely many such summands.
Their sum is therefore finite over the polynomial algebra, and hence over its actual image. The
image is central by Lemma 7.1, and is a finitely generated commutative A-algebra. With H = G
and D = A, every left or right ideal of the section ring is a submodule over this Noetherian central
algebra. Both ascending chain conditions follow, as does finite generation as a A-algebra. [

The arbitrary-coefficient field assertion is proved in Corollary 7.4 below. The coefficient bound
and its optimality are proved in Theorem 7.8 and Corollary 7.9, using only the finite-module
argument just established.

Corollary 7.4 (Finite groups over fields). If A = k is a field, the finite-module assertion of
Theorem A holds for every bounded complex D of finite-dimensional kH-modules, without a
permutation-module hypothesis on its terms.

Proof. In positive characteristic apply Proposition 6.6 to the doubled family on a Sylow subgroup.
The coefficient-linear restriction and averaged transfer splitting in Lemma 7.2 works for arbitrary
coefficient modules and proves the even-family claim at H. In characteristic zero, taking
invariants is exact. Each primitive top section 7, is a quasi-isomorphism k[2dim Vj] — Ep x;
after tensoring with D and taking invariants it identifies all successive even twists. Hence the
even-family module is generated by the finite-dimensional space H (D) over the top-section
polynomial algebra. The finite parity decomposition then proves the assertion in both cases. [

Remark 7.5 (Retract coefficients over a Noetherian base). The finite-module assertion of Theorem
A also holds when the coefficient object is a retract of a bounded finite permutation complex in
the homotopy category. The section module preserves that retract, so it is a submodule of a
finite module over the same Noetherian central algebra. This includes every bounded complex
whose terms are direct summands of finite permutation modules: choose a complement in a
permutation module in each degree, put zero differentials on those complements, and extend
the original differential by zero to obtain a bounded permutation complex containing the given
complex as a direct summand.

Finite presentation and growth

Corollary 7.6 (Existence of finite presentations). FEvery section ring in Theorem A with
coefficient complex A is finitely presented as an associative algebra over A. Its generators and
relations may be chosen homogeneous in the full grading.
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Proof. Theorem A makes the section ring R finite over a finitely generated commutative central
algebra S over the Noetherian coefficient ring A. Thus S is Noetherian and finitely presented
over A. Choose homogeneous S-module generators rg = 1,7r1,...,7r; of R. The kernel of the
resulting finite free graded S-module surjection onto R has finitely many homogeneous generators.
Choose also an S-linear expression for each product r;7;. Starting with a finite presentation of
S, adjoin symbols for the r;, impose ro = 1, centrality of the S-generators, and those module
and multiplication relations. Every word reduces to an S-linear combination of the r;, and
the chosen module relations kill precisely the combinations mapping to zero. This is a finite
homogeneous presentation of R. O

Corollary 7.7 (Rational series and parity growth). Over a field k, every module in Theorem A
has rational multigraded Hilbert series. For example, with dg; = 2 dim VbQ, it has the form

P(z,t)
o< per(l — z%0t?)’

Z dimy, N (D); 4 2't7 =

q,t

where P is a Laurent polynomial in z and a polynomial in the twist variables. The equality s
interpreted as a formal power series in the twist variables with Laurent-polynomial coefficients
in z. For each € € {0,1}T, the function n + Y, dimy N5 (D); 0n+c agrees with a polynomial in
the coordinates of n once all those coordinates are sufficiently large. In one twist variable, the
total dimension is therefore eventually a quasipolynomial of period dividing two.

Proof. Apply the multigraded Hilbert—Serre formula to the finite module over the displayed
polynomial algebra. Each fixed twist has only finitely many nonzero homological degrees, since its
coefficient complex is bounded. Thus setting z = 1 is legitimate coefficientwise. The denominator
then factors as a product of powers of 1 — t2; coefficient extraction gives a polynomial on each
parity class once all coordinates are sufficiently large. Zero or repeated coefficient classes may
make the displayed denominator nonminimal. O

Dimension-indexed coefficients

Let P consist of the trivial subgroup and all prime-power subgroups of GG. For each label b
and each G-orbit [U] of actual fixed subspaces U = V})P , P € P, choose the integral doubled
orbit-sum map 7). At U =V}, choose the primitive top fundamental class.
Define, once over Z,
Obd = > NUlb-

[U1eG\{V,}:PeP}
dimU=d

All summands have homological degree 2d and twist 2e;. For a nonzero commutative Noetherian
base A, let 1T, consist of the primes dividing |G| which are not units in A, and put

Apy(A) ={dimV;’ : P< H, P=1or P a p-group for p € I, }.
Theorem 7.8 (Coefficients indexed by fixed-space dimension). The central algebra
Sura=AMoyg:beT, de Agy(A)

acts through its central restriction image in M}g and makes N}S(D) in Theorem A a finite module.
The displayed family has at most Y ,cp(dim V4, + 1) generators, independently of the number of
subgroups of G.
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Proof. Fix a p-subgroup P, and put d = dim VbP . Apply Brauer at P in characteristic p to oy 4.
A summand from another fixed-space orbit is supported on translates of a doubled d-dimensional
subspace distinct from VbP @ pr . Their intersections have dimension less than 2d, so none
contributes a P-fixed simplex in degree 2d. The unique orbit containing VbP contributes exactly
its fundamental cycle, by the setwise-stabilizer orbit sum. Thus o3, 4(P) is a quasi-isomorphism
whenever dim V}?P = d. The zero fixed subspace, whose unit sphere is empty, has a single orbit
and the bottom Euler map. At P = 1, the unique top-dimensional subspace is V}, so 03 gim v, is
primitive.

In characteristic p > 0, apply Proposition 6.2 on a Sylow p-subgroup of H to the doubled
family and the maps o}, 4, VP indexed by its subgroups P. These maps have even degrees and the
required Brauer quasi-isomorphisms; the same map may serve several subgroups. The coefficient-
linear restriction and transfer argument in the proof of Lemma 7.2 gives finite generation over
the dimension-sum algebra. For arbitrary finite-dimensional coefficients in characteristic p,
apply Proposition 6.6 to these maps and use the same restriction and transfer. In characteristic
zero, the primitive top sections and exactness of invariants give the result as in the proof of
Corollary 7.4.

For the general base, put A = Z[1/m], where m is the product of the primes dividing |G|
which are units in A, with m = 1 for the empty product. Then A is an A-algebra. Repeat
the integral argument over A. The restriction kernel is killed by |H|; its primary pieces at
inverted primes vanish, and the remaining pieces lift from the mod-p finite modules by the same
finite iteration. The restriction image is finite because the primitive top classes are retained.
Universal coefficients over the PID A, followed by the coefficient filtration and parity-residue
decomposition, give the conclusion over A. Every acting map has even homological degree and
even twist, hence is central. Finally Aj;(A) € App(A) for J < H; all maps were fixed globally,
so the subgroup induction uses the required literal inclusions of coefficient algebras. O

Corollary 7.9 (Optimal homogeneous coefficient count for a finite family). Let A be a nonzero
commutative Noetherian ring. For every H < G and T C B, put

rar(A) =Y |Agp(A)].

beT

The section ring M7, = N (A) is finite over a central A-algebra generated by v 7(A) sections
homogeneous in homological degree and the full formal twist multigrading. No A-subalgebra
generated by fewer such homogeneous sections of nonzero twist can make Mg a finite module.
This includes repeated and zero representations, with their distinct formal labels retained.

Proof. Theorem 7.8 gives the upper bound using the restricted dimension sums o3 4. We prove
the matching lower bound, without assuming centrality of a proposed coefficient subalgebra.

Fix be T and d € Agp(A). If d = dim V3, choose a maximal ideal m of A, put k = A/m,
and take P = 1. Otherwise, choose a p-subgroup P < H with p € II, and dim pr =d, and a
maximal ideal of A containing p; its residue field k£ has characteristic p.

Projection to the face Ney is a ring map: the sum of all other twist components is a two-sided
ideal because twists are nonnegative. Follow this projection by coefficient base change to k,
restriction to P, Brauer at P when P # 1, and forgetting the remaining group action. These
operations induce a ring map

bba: ME — klt], It] = (d, ep).
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Indeed, the underlying Brauer sphere has one-dimensional homology in degree d, and compatible
tensor powers of a fundamental class identify its one-label section algebra with k[t]. Multiplication
here is concatenation; this assertion holds also when d is odd. For P = 1 use ordinary underlying
homology. No isomorphism or surjectivity assertion for homology base change is required.

The restricted integral doubled orbit-sum forerunner at P maps to a nonzero scalar multiple
of t2. Consequently the image of ®p,q is infinite-dimensional over k. A homogeneous section of
degree (1, q), with ¢ # 0, can have nonzero image only if ¢ = ne; for some n > 0 and i = nd. If
none of the generators of a proposed coefficient algebra has this degree type, that algebra has
scalar image in k[t]. Module-finiteness would then make ¢ 4(M7;) finite-dimensional over k, a
contradiction.

Thus a coefficient generator is required for every pair (b, d). One fully homogeneous section
cannot serve two different pairs: its pure twist coordinate determines b, and its ratio i/n
determines d. Hence at least g 7(A) homogeneous generators of nonzero twist are necessary.
The empty face has ring A and count zero, so is included. O

Remark 7.10. The exact count applies when the coefficient complex is A and the full formal twist
multigrading is retained. It does not assert the same lower bound for an arbitrary coefficient
complex D (which may be zero), for generators mixing homological degrees, or after collapsing
formal twist coordinates. It is not the Krull dimension or a minimum number of algebra
generators of the entire section ring.

For a single twist coordinate, the homological slope of a section of twist degree ¢ > 0 and
homological degree i is i/qg = —s/q.

Proposition 7.11 (Optimal homogeneous coefficient count for the doubled regular representa-
tion). Let Rieg be the effective section ring for the single representation 2R[G] over a nonzero
commutative Noetherian ring A. It is finite over a central algebra with exactly

ra=1+ > 5(IGl)

pellp

displayed homogeneous generators, given by the geometric dimension sums of twist degree one.
Any A-subalgebra generated by sections homogeneous for both the homological and twist gradings,
and making Ryeg a finite module, requires at least vy homogeneous generators of twist degree
q > 0. Over a field of characteristic p, this number is v,(|G|) + 1.

Proof. For V.= RG], the fixed dimensions are [G : P| = |G|/|P|. A Sylow p-subgroup has
subgroups of every order p’, 0 < j < v,(|G|), and distinct positive prime powers give distinct
dimensions. The preceding theorem therefore gives exactly r, dimension sums. They lie in the
even-twist Veronese of the section ring for V. That Veronese is a submodule of a finite module
over their Noetherian algebra, hence finite, and identifies with R, after rescaling the twist
grading: choose the join model Coprig = CSFG]. The doubled maps then have twist one and
degree 2[G : P].

For the lower bound, fix p € II) and choose a maximal ideal m containing p, so that k = A/m
is a residue field of characteristic p. For each p-subgroup P, coefficient base change, Brauer at
P, and forgetting the Weyl action give a graded ring map

Ryeg — E[t], It| = (2[G : P],1).
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Compatible top fundamental classes give the polynomial multiplication. The image of the
twist-degree-one forerunner at P is a nonzero scalar times ¢, so the image is infinite-dimensional
over k. No surjectivity of the entire homology base-change map is needed.

A homogeneous section of twist degree ¢ > 0 and homological degree ¢ can survive only when
i/q = 2|G : P]. If no homogeneous generator of a proposed coefficient algebra has this slope,
that algebra has scalar image in k[t]. Its infinite-dimensional quotient image cannot then be
finite over it, contradicting module-finiteness. Thus every distinct fixed dimension requires a
generator of a different slope. The trivial subgroup requires slope 2|G|. If II, is empty, choose a
maximal ideal m and put k¥ = A/m; ordinary underlying homology gives the same requirement.
This proves the lower bound. O

Remark 7.12 (Deletion versus recombination). For the section ring of 2R[G] over a field of
characteristic p, the family consisting of one geometric forerunner per G-conjugacy class of
p-subgroups is irredundant under deletion. Under the map to k[t] obtained by Brauer at P,
forgetting the Weyl action, and taking ordinary homology, the forerunner at () vanishes unless @)
is conjugate to P. Unequal orders give the wrong homological degree; equal orders and distinct
conjugacy classes give distinct regular fixed subspaces and hence no fixed top simplex. Omitting
the P-map therefore makes the remaining coefficient action scalar on an infinite image. In
particular, the forerunners indexed by elementary abelian subgroups do not suffice when the
p-group is not elementary abelian. The dimension sums improve this by recombining maps of the
same degree. Optimality concerns the number of homogeneous coefficient generators needed for
module-finiteness; it does not claim that the smaller algebra alone recovers the Balmer spectrum.

8 The geometric comparison

Until Subsection 8.3, let G be a finite p-group and let k& be a field of characteristic p. We
prove Corollary C for the canonical effective ring Rg. Miller introduced the comparison map
and formulated its open-immersion and Dirac-scheme conclusions [20, Sections 5-6]. We first
separate points by effective sections, using a fixed-sphere factor to isolate one term in normalizer
transfer. We then use Noetherianity and central localization to identify the charts and their
sheaves. This avoids the individual stable-class lifting assertion in [20, Proposition 6.1], which
fails in the cited version by Example A.3.

8.1 Injectivity for the canonical family

For H < G, write ¥#(C) = C(H) for termwise Brauer, with its residual Ng(H)/H-action,
and write U for its composite with passage to D(k[Ng(H)/H]). For W = Ng(H)/H, the
cohomological comparison identifies Spc D?(kW) with Spec H*(W; k) [3, Proposition 3.23 and
its proof]. We use p for a homogeneous cohomological prime and its corresponding prime tensor
ideal; inverse images under U refer to the latter. We use the following established description
of permutation spectra [3, Recollection 3.12, Proposition 3.23, Theorem 7.16, Corollaries 7.24
and 7.31]. Every point of X has the form

P(H,p) = (V)7 (p),  p € Spec" H*(Na(H)/H;k),

uniquely up to conjugation. The stratum at 1 is the open spectrum of D?(kG), and the kernel
of K(G)* — DP(kG) is the ideal of acyclic complexes. Every point in the H-stratum specializes
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to the closed point .# (H) given by forgetting the residual group action after Brauer at H. We
use also the classification of thick tensor ideals by support in a rigid category [1, Theorem 4.10].
Here supp(C) = {2 : C ¢ #}, and the support of an ideal is the union of its objects’ supports.
We construct Miller’s comparison [20, Proposition 5.4 and Remark 5.12] directly. Put
dip = dim VbH and choose U# (Ch) ~ k[dpp], using its tensor powers for repeated factors. The
orientation character is trivial over k for a p-group. There is a graded homomorphism

Rg — H*(W;k)[zf : b € Bg), fr— V(AT
b

where f: k — Cp.(q)[s], deg(zp) = (—dmp, ep) and a class in H"(W; k) has degree (n,0). The
image GH (f) has degree s+ >, qpdmp. The multiplication signs agree: the dp;, are even at odd
p, and signs vanish at p = 2. The extension of p to this Laurent ring is fully homogeneous prime,
since Laurent units reduce its homogeneous prime test to the one in H*(W; k). Its contraction
defines

ca(P(H,p)) = (f homogeneous : U (f) € p). (13)

Changing the chosen identifications multiplies homogeneous images by nonzero scalars, and
conjugation transports the same prime; hence this definition is independent of those choices.
The ordinary cohomological comparison gives

f€cqg(P) < cone(f) ¢ 2.

Thus the inverse image of D(f) is the open locus where f is invertible modulo the prime, proving
continuity.

Lemma 8.1 (Regular-sphere support). Let V = 2R[G] and U = V. The setwise stabilizer of
U is Ng(H) and its pointwise stabilizer is H. The orbit-sum forerunner Oy has zero Brauer
map at K unless K is conjugate to a subgroup of H.

Proof. In the left regular representation, the indicator of the subset H C G is H-fixed, and
its stabilizer is exactly H. Thus the pointwise stabilizer of the entire fixed subspace is H.
Conjugating pointwise stabilizers now shows that the setwise stabilizer is Ng(H). Doubling
does not change either assertion.

Write d = dim U. The cycle defining 6 v is supported on (d — 1)-simplices in translates of
S(U), in chain degree d. If such a simplex is K-fixed, admissibility makes K fix it pointwise.
The cone on the simplex has nonempty interior in the corresponding d-dimensional translate of
U, so the simplex spans that translate. Thus K lies in its pointwise stabilizer, a conjugate of H.
If no such containment holds, no basis simplex survives the Brauer projection. ]

Lemma 8.2 (Effective numerators on a normal stratum). Let H < N be subgroups of a finite
p-group. Distinct homogeneous primes of H*(N/H; k) are separated, under (13), by a section
into an actual representation sphere for N.

Proof. Put W = N/H,V =2R[W|, D =dimV, and let ¢ : k[D] — Cy be its top fundamental
section. At the trivial subgroup it is a quasi-isomorphism. At each nontrivial J < W its Brauer
map is zero: dim V7 < D, so the fixed-sphere complex has no term in degree D. At every
point of a nontrivial J-stratum, the derived Brauer image of cone(t) thus contains the invertible
summand k[D + 1]; at the trivial stratum it vanishes. Its support is therefore exactly the support
of the acyclic ideal, the complement of the cohomological stratum [3, Proposition 3.23 and
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Corollary 7.24]. In a rigid category thick tensor ideals are radical, so support classification
identifies the ideal generated by this cone with the acyclic ideal. Localization at ¢ therefore gives
Db(kW) by [3, Recollection 3.12].

Apply tensor localization with the invertible object u = Cy[—D] and the map ¢ : k — wu.
Use S = {1,t2,t*,...} in the even part of the u-graded central ring. Inverting ¢* inverts ¢ and
has the same cone ideal. Choose a homogeneous class ¢ : k — k[n] in one of the two primes
and outside the other. The fractions description [2, Theorem 3.6] says that every such class is
represented by

f/em, fik— CZ"[n—mD], m > 0.

Here m may be chosen even, and the numerator is a morphism k — u®™[n] in the category
before localization. The fully faithful embedding into its idempotent completion does not change
maps between these original complexes. For i = mD — n,

Hom () (k[i], CP™) = Hi((C3™)™).

Thus f is represented by an actual W-invariant degree-i cycle. Since the separating class is
nonzero and the chain complex is concentrated in degrees 0, ..., mD), necessarily 0 < i < mD.
The sphere exponent is nonnegative. The denominator identifies C’{?m with k[mD], giving total
shift n; being invertible at both points, it preserves the distinction. Inflation to IV, followed by
Brauer at the normal subgroup H, recovers the original complex and map: ¥ o Inf{,VV = 1d
[3, Corollary 5.16]. The ordered join of the m sphere models is admissible, since the action
preserves each factor, and its augmented chains are C’{?m by Lemma 2.1. Thus the target is an
actual sphere model for the inflated representation V™. The inflated cycle distinguishes the
two points on the H-stratum. ]

Lemma 8.3 (Transfer with a fixed-sphere factor). Let H < G and N = Ng(H). A section into
an actual N-sphere that separates two points on its H-stratum yields a section into an actual
G-sphere separating the corresponding points of Xq.

Proof. Represent the section by an N-invariant cycle f in an admissible model Cy . For the
numerator from Lemma 8.2, use the ordered join model just described. Any subsequent change
of admissible model is made by an actual equivariant chain homotopy equivalence, so the cycle
and its separating property are preserved. The actual representation Y = Ind% V' satisfies

Res§Y =VaV,

because the identity coset is N-stable. Multiply f by an H-forerunner for the actual N-
representation V’/. The admissible sphere-chain equivalence for a direct sum identifies this
product with an N-invariant cycle f’ in Res]C\’} Cy. The equivalence is N-equivariant: the join of
admissible triangulations, with its two factors preserved, is admissible, and common subdivision
gives equivariant chain homotopy equivalences, as detailed in Lemma 2.1. Since the extra
forerunner becomes an isomorphism after UH | this multiplication preserves separation.
Choose a G-admissible model @) = Cyg|g) compatible with all fixed subspaces. Put U =
(2R[G)H and d = dimU. Choose a fundamental cycle zy € Qg of the unit sphere S(U) in
shifted degree d. It is N-invariant: the setwise stabilizer is NV by Lemma 8.1, and its determinant
character on U is the square of its determinant character on R[G]¥, hence is trivial. The cycle
2z = f'® 2y is N-invariant in the restriction of the single global complex Cy ® Q. Form the trace

F = Z gz.

geG/N
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It is a G-invariant cycle, with one common target and degree.

We compute its Brauer image at H on permutation bases. For an invariant cycle representing
a section, U denotes its fixed-basis image representing the Brauer map. If g ¢ N, then gU # U
and their intersection has dimension less than d. A degree-d simplex in the support of gzy
cannot be H-fixed: it would lie in S(gU NU), whose dimension is at most d — 2. Thus the linear
projection onto the H-fixed basis annihilates gzy. Projection onto fixed bases commutes with
tensor product, so every such trace term contributes zero. The identity coset gives

VH(F) = 0H (f) @ 2. (14)

Individual nonidentity trace terms need not be H-invariant. We only use the basis projection to
compute the Brauer image of the invariant sum; no chain-map assertion on arbitrary vectors is
being made. The coefficient of the surviving term is one.

The last factor in (14) is a quasi-isomorphism onto the H-fixed sphere. Hence F' has the
desired separating property. Its target is the sphere of the actual representation Y @ 2R[G].
Decomposing this representation into real irreducibles, and absorbing trivial summands into the
shift, makes F' a homogeneous element of the canonical effective ring. Representations with the
same fixed-dimension function give isomorphic sphere objects by [19, Theorem 4.6]: their Brauer
homology degrees agree, and both objects are invertible by Lemma 2.4. Choose an isomorphism
for each irreducible summand and tensor these choices. The decomposition has only nonnegative
multiplicities, so no negative twist is used. O

Proposition 8.4 (Injectivity of the comparison). The map cg : Xg — Spec™(R¢q) is injective.

Proof. For nonconjugate H, K, at least one is not subconjugate to the other. Lemma 8.1 then
gives a section whose derived Brauer image is an isomorphism at one subgroup and zero at
the other. It separates every point of those two strata by (13). For two distinct points of the
same H-stratum, apply Lemma 8.2 in Ng(H), where H is normal, and then Lemma 8.3. This
separates all possible pairs of distinct points. ]

8.2 Charts and their sheaves

Lemma 8.5 (Comparison with finite endomorphism modules). Let Q be an essentially small
rigid tensor triangulated category. Suppose that A = @,z Homg(1,1[s]) is Noetherian and
that @,z Homg(X, X[s]) is finite over A for every X € Q. If its graded comparison map
p: Spc(Q) — Spec’(A) is injective, it is a homeomorphism.

Proof. This is the finite-endomorphism case of Lau’s comparison argument [17, Proposition 2.7
and Corollary 2.8]; we give the proof. Put Ex = @, Homg(X, X|[s]). We claim that

p(supp(X)) = {p : (Ex)y # 0} = V(Ann Ex).

The second equality follows from finite generation. For the first, central localization at the
squares of the homogeneous elements outside p gives a rigid category Q) with localized morphism
groups [2, Theorem 3.6]. The squares have even degree, and inverting them also inverts the
original elements. The finite-endomorphism hypothesis survives this localization and idempotent
completion, since localization preserves finite modules and morphism modules of retracts are
direct summands. The image X, is zero exactly when (Ex), = 0, since this is equivalent to
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the vanishing of its identity. If p(P) = p, this localization maps to Q/P, so X ¢ P implies
(Ex)p # 0.

Conversely, assume X, # 0, and work in Q. Its graded unit ring is the graded local ring Ay,
with homogeneous maximal ideal m = pA,. For any nonzero object ¥ and homogeneous f € m,
the object Y ® cone(f) is nonzero. Indeed, otherwise f : Y — Y| f|] would be an isomorphism,
so fEy = Ey. The nonzero finite graded Ay-module Ey cannot satisfy this equality, by graded
Nakayama. One can see this directly from a minimal homogeneous generating set: expressing
one generator as f times a linear combination of the generators yields a coefficient 1 — fa of
degree zero outside m, hence a unit, and eliminates that generator.

Rigidity implies X;?” = 0 for every n > 0: a rigid tensor-nilpotent object is zero, by the
duality retractions. Consequently the tensor-multiplicative family

{Xf" ® cone(f1) ® --- @ cone(fy) :m,r >0, fi em homogeneous}

does not contain zero. The prime-existence lemma [1, Lemma 2.2] gives a prime disjoint from
this family. It avoids X, and every cone(f) with f € m; the cone criterion therefore makes its
comparison prime equal to m. Its inverse image in Q avoids X and has comparison prime p.
This proves the claim.

Taking X = 1 proves surjectivity. Finally, every closed subset of Spc(Q) is an intersection of
supports of objects. Injectivity makes its image the corresponding intersection of the closed sets
V(Anng Ex). Thus p is a continuous closed bijection, hence a homeomorphism. O

Sanders proves a more general criterion requiring only coherence of the graded unit ring in a
rigidly compactly generated category [24, Theorem 10.8]. Here the bounded-coefficient theorem
supplies the stronger finite-endomorphism hypothesis directly.

For the canonical family, fix the global forerunners ¢, = 05, and set

Fg= ] tus Ly = RG[t;le b e Bgl, Ap = (LH)twist=0-
beBa

For the trivial group the product is one. All these denominators are central. Use suspension
degree s = —i. Every twist component of Ly is a unit multiple of Ay, so multiplication induces
an isomorphism, with the indicated full multigrading,

Ly = Aulty, - b€ Bg). (15)

Injectivity follows because distinct Laurent exponents have distinct twists. In particular Ay is
an ungraded algebra quotient of Ly by tg; — 1 and is Noetherian by Corollary B. Extension
and contraction give inverse correspondences between homogeneous ideals of Ay and fully
homogeneous ideals of Ly. Primality is preserved because multiplication by the units ¢z
reduces the test to twist zero. On principal opens this yields a homeomorphism

Spect(Ap) = D(Fp) C Specl_ 5. (Ra). (16)

Let Uy be the common invertibility locus of the tz; in Xq. It is the spectrum of the
idempotent completion of the Verdier quotient by the thick tensor ideal generated by the cones
of the tgp. Successively apply tensor localization to u, = Cy[— dim VbH ] and the maps k — u
represented by tf; one may invert their squares first. The fractions description [2, Theorem
3.6] identifies the suspension-graded endomorphism ring of the unit of this quotient with Ay: a
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numerator into a sphere twist is divided by a product of the ty; in the same twist. Thus its
usual graded comparison is the restriction of ¢ under (16). The opens Uy cover Xq. Indeed
every tyy is a quasi-isomorphism after Brauer at H, so .#(H) € Up; every point specializes to
one of these closed points, and opens contain their generalizations.

Let Qp be this idempotent-completed quotient. It is rigid: bounded permutation complexes
have permutation duals, and duality passes to the tensor quotient and its idempotent completion.
We verify the finite-endomorphism hypothesis of Lemma 8.5. For bounded permutation complexes
X,Y, let XV = Homy(X, k) be the chain dual, and put D = XV ® Y and

Mp = @ Hom () (k, Cpg(q) ® DIs]).
qeNBG | scz,

Theorem A makes Mp finite over Rg. The fractions description and duality give

@HOHIQH (X7 Y[S]) = (MD [tﬁ,lb be BGDtWiSi::O'

Choose finitely many homogeneous generators over Ly after localization. Multiplying each by a
Laurent monomial in the tz;, moves its twist to zero. Those rescaled generators generate the
displayed twist-zero part over Ag, by (15). Every object of Qp is a retract of the image of a
bounded permutation complex, and morphism modules between retracts are direct summands.
They are therefore finite over Ay as well. The ring Ay is Noetherian, and Proposition 8.4
supplies injectivity. Lemma 8.5 now identifies Uy = Spc(Qp) with Spec”(Ap). It follows that

ce(Xa)= |J D(Fn)
H<G

and cg is a homeomorphism onto this open subspace.
Define O, by sheafifying, on the quasi-compact open basis,

U — ) Hom (), (k. k[n)).
neZ

Here # (G)|y is the idempotent completion of the Verdier quotient by the thick tensor ideal of
objects supported in X \ U. Transitivity of Verdier localization identifies the restriction of this
sheaf to Uy with the unit-endomorphism sheaf of the localized category. For a homogeneous
a € Ay, central localization identifies the presheaf on principal opens with the standard
localization presheaf, whose value on D(a) is Ag[a~!], with the usual restriction maps. One may
use even a: D(a) = D(a?), while at odd characteristic odd elements have empty principal open.
Sheafification therefore gives the standard affine graded sheaf [2, Lemma 6.9 and Proposition
6.11(b)]. By [11, Theorem 2.26 and Definition 2.29], these are affine Dirac schemes. They glue
as restrictions of the single sheaf Of,, proving the Dirac-scheme assertion in Corollary C. The
ambient spectrum carries the full multigrading, whereas the Dirac charts carry the suspension
grading.

We reuse this chart construction below for section rings in tensor-invertible sphere twists,
whose invertibility follows from Lemma 7.1 after base change. Its other inputs are central
homogeneous sections whose twists form the coordinate basis, the finite-module assertion of
Theorem A for every bounded permutation coefficient complex, and an independently established
injective comparison satisfying the cone criterion above. The finite-module assertion gives both
the Noetherian section ring and, by the argument with D = XV ® Y, finite graded morphism
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modules over each twist-zero chart ring. The cone criterion identifies the localized comparison
with the usual suspension-graded comparison. The Laurent description, tensor localization,
Lemma 8.5, and the single sheaf OF, then give the affine Dirac charts. Coverage of the spectrum
is checked separately in each application.

8.3 A Noetherian model with one twist

The argument admits a smaller choice of twists and a larger class of groups. From this subsection
onward, let G be any finite group and let k£ be a field of characteristic p > 0, except where a
statement imposes further hypotheses. Keep .7 (G) = K?(perm(kG))! and X¢g = Spe(# (G)).
Put
Ug = 2R[G], C = Cy,, R = @ Hom g (k,C%s)),
q>0, s€Z
with full bidegree (s, q). For every p-subgroup H < G choose the integral orbit-sum forerunner,
reduced to k,
tH:k[dH] —>C, dH:2[G:H].

Its bidegree is (—dg,1). Doubling makes the orientation of every fixed space trivial under its
full setwise stabilizer, so this map exists even when G is not a p-group.

Theorem 8.6 (A Noetherian model with one twist). The ring R® is Noetherian. Its comparison
map
58 1 X — Spechy, z (RiE)

is a homeomorphism onto Up<g, i o p-group P(tm). The ringed space (Xg,Og) is a Dirac
scheme. The corresponding affine chart rings are

Ap = (Rrgg [t;IIthistzo’

graded by suspension degree. The minimum number of elements homogeneous in both gradings
whose generated k-subalgebra makes RS a finite module is vy(|G]) + 1.

Together with Corollary 8.7, this proves Theorem D. Miller’s research statement announces
a comparison using reduced twisted cohomology and a Dirac conclusion for finite groups [23,
Theorem 1.9]. Here Theorem A supplies an explicit Noetherian model with one effective twist.

Proof. We first define the comparison without using a canonical irreducible basis for G. By
the general finite-group stratification [3, Theorem 7.16], every point is & (H,p), where H is
a p-subgroup and p € Spec” H*(W; k) for W = Ng(H)/H, uniquely up to conjugation. The
doubled fixed sphere has trivial orientation as a W-representation, so choose W (C) ~ k[dy]
and use its tensor powers. Set

By = H'(Wik)[zy'],  deg(¢) = (n,0) (¢ € H"(W3k)),  deg(an) = (—dn,1).
There is a bidegree-preserving homomorphism
Bi: RS® — By,  fr— VW)l f:k— C%[s],

since ¥H (f) has cohomological degree s+ qdg. All dy are even, so the multiplication signs agree.
Define c¢;%(2(H, p)) to be 5;11 (pBpg). The ideal pBy is fully homogeneous prime: multiplication
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by Laurent units reduces the homogeneous prime test to H*(W; k). Rescaling an orientation or
conjugating the pair does not change the contraction. Ordinary cohomological comparison gives

fecst(P) < cone(f) ¢ 2.

Thus the map is continuous, with the usual invertibility loci as preimages of principal opens.
The Laurent variable retains the full bidegree; no collapse of the two gradings is being used.

We prove injectivity. Lemma 8.1 applies to the present Ug: its fixed subspace at H has
pointwise stabilizer H and setwise stabilizer Ng(H). Its forerunner has zero K-Brauer map
unless K is subconjugate to H, and is a quasi-isomorphism at H. Hence the ¢ty separate all
points belonging to nonconjugate subgroup strata.

For two points on one H-stratum put N = Ng(H) and W = N/H. The effective-numerator
argument of Lemma 8.2 works for this arbitrary finite W, with doubled target, as follows.
Take V = 2R[W], D = dimV, and its top section ¢ : k[D] — Cy. Its ordinary image is a
quasi-isomorphism, and its Brauer image at every nontrivial p-subgroup is zero. Its cone has
precisely the support of the acyclic ideal, by [3, Proposition 3.23 and Corollary 7.24]. Rigidity
and support classification identify the generated ideal with that acyclic ideal; its Verdier quotient
is D?(kW) by [3, Recollection 3.12]. Tensor localization [2, Theorem 3.6], applied to Cy [~ D]
and t (or t?), represents a homogeneous cohomology class separating the two primes by

f/em, fik— CZ"[n—mD], m > 0.

Inflation to N, followed by Brauer at H, recovers this map [3, Corollary 5.16]. Thus we have a
separating section into an actual doubled N-representation 2Vj.

The transfer proof also extends, with doubling retained. Put Y = Ind§(2Vp); its restriction
decomposes as 2V @ 2V. Multiply the section by the integral H-forerunner for 2Vjj, and use
the N-equivariant join/subdivision equivalence to obtain an N-invariant cycle f’ in Resjc\*} Cy.
This multiplication preserves separation because its H-Brauer image is invertible. For E = Ug ,
let zg be a top fundamental cycle of S(F) in the shifted augmented chain complex C. It is
N-invariant integrally, since E is doubled. The trace

F= Y g(f'®zg)

geG/N

is a global cycle in Cy ® C. If ¢ ¢ N, no top simplex of ¢gS(F) is H-fixed, since gE N E has
smaller dimension. Projection onto fixed permutation bases therefore gives

v (F) = 0 (f) ® 2.

As in Lemma 8.3, the projection computes Brauer of the invariant sum even though individual
summands need not be invariant. Exactly one term survives. In particular this argument does
not divide by [G : N]. The section F' separates the two original points and has an actual doubled
G-target 27T

Every real irreducible occurs in R[G]. Choose an actual representation Z and an integer
r > 1 with T @ Z = rR[G]. Multiplication by the global integral H-forerunner for 27 preserves
separation at both points and places the target in

CQT@QZ ~ C®r.
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The actual doubled complement places the separator in a positive twist of R;* and preserves

the required orientation invariance. It follows that chCg is injective.

Theorem A applied to Ug makes Rg}g Noetherian and supplies the bounded-coefficient
finiteness needed for the chart construction. Proposition 7.11 gives the asserted optimal
homogeneous coefficient count. The coefficient generators of twist degree two supplied by
Theorem A need not be squares of the chosen tg, which have twist degree one. The ty are
central, and multiplication gives

RPlty'] = Anlty'],  Speci(Am) = D(tn).

Indeed, every twist component is a Laurent-unit multiple of twist zero. Evaluation at ty = 1
makes Ay an ungraded algebra quotient, so it is Noetherian. Extension and contraction preserve
homogeneous primality by translating to twist zero.

Let 7 be the idempotent-completed Verdier quotient by the thick tensor ideal generated
by cone(tg). Its spectrum is the invertibility locus Ugy of tg. The chart construction above
applies to the Laurent description just proved and the independently established injectivity of
ce®. Tt identifies the suspension-graded unit ring of ¢z with Ay and gives an affine Dirac chart
Un = Spec™(Ag) = D(tg), whose sheaf is the restriction of OF,. Every point on the H-stratum
specializes to .Z (H) [3, Corollary 7.31], which belongs to Up; hence these opens cover X¢. This
proves the stated open image and homeomorphism. The full bidegree describes the topological
immersion, while suspension degree describes the Dirac charts.

Explicitly, on an overlap put agg = tx/tyg € Ag, of suspension degree dy — dx. Then
U N Uk corresponds to D(apgk) in the H-chart, and

Anlagi) = (REEET ) o = Arl(tr /tr) ™).

These identifications are induced by localization. On triple overlaps they factor through the same
localization at all three forerunners, so the transition maps satisfy the cocycle condition. O

Write Suby,(G) for the set of all p-subgroups of G, including 1, with G acting by conjugation.

reg

Corollary 8.7 (One extra point and an optimal principal cover). Let a = v,(|G|) and R = R°.
For0<j<a, put

d; = 2|G|/v’, oj = > tw, Ry= P R,
[H]€G\ Suby(G) q>0, s€Z
|H|=p’

Here the forerunners are chosen with the compatible integral orientations used for the dimension
sums. Then

a
h
ci®(Xg) = Speci,z(R) \ {R+} = | D(0y).
j=0
Thus the full homogeneous spectrum has exactly one point outside X, and this point lies in the
closure of every point of Xg. The a+ 1 opens D(o;) have affine Dirac chart rings

Aj = (R[Uj_l])twistzo’

graded by suspension degree. Moreover, a + 1 is the minimum number of fully homogeneous
principal opens of the ambient spectrum, each contained in c;*(Xq), that cover this image.
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Proof. For the regular representation, equal fixed-space dimensions are equivalent to equal
subgroup orders, and the fixed subspace determines its pointwise stabilizer. Consequently the
oj are precisely the dimension sums of twist degree one in Proposition 7.11. In particular, R is
finite over k[oy, ..., 04). It follows that R/(oy,...,0,) is finite-dimensional over k. Its twist-zero
part is k, because Hom () (k, k[s]) is k for s = 0 and zero otherwise. All elements of nonzero
twist in this quotient are nilpotent: its nonnegative twist grading has finite support. Hence its
unique fully homogeneous prime is the ideal generated by its nonzero twist components, and

(00y...,04) = Ry.

Also (09,...,04) C (tg : H € Sub,(G)) C Ry, so the latter ideal has the same radical.
Theorem 8.6 gives the two asserted descriptions of the image. Since every fully homogeneous
proper ideal of R has zero twist-zero part, every homogeneous prime is contained in R. This
proves the specialization assertion.

Each o has twist one and even suspension degree. The chart argument in Theorem 8.6 applies
verbatim: R[a;l] = A [a]-ﬂ], Aj is Noetherian, and tensor localization identifies it with the
suspension-graded endomorphisms of the unit in the idempotent-completed Verdier quotient by
the thick tensor ideal generated by cone(c;). Theorem A with bounded permutation coefficients
gives finite graded morphism modules over A; by the preceding Laurent-unit argument. The
restricted comparison is injective, so Lemma 8.5 gives the affine chart, and central localization
identifies its Dirac sheaf.

Finally, a nonempty fully homogeneous principal open D(f) contained in the image must
have f of twist degree ¢ > 0, since a nonzero twist-zero element is a scalar and its principal open
contains R,. Write f as a section k[i] — C®9. At .#(H), forgetting the residual action after
Brauer identifies the target homology with k[gd;], where |H| = p/. Thus f can be invertible
there only if i/q = d;. A single fully homogeneous principal open can therefore contain closed
points from at most one subgroup order. A Sylow p-subgroup has subgroups of all orders p/,
0 <j < a, giving the lower bound a + 1. The displayed cover attains it. O

8.4 Coeflicient bounds and contraction

Corollary 8.7 concerns principal opens in the spectrum of the full section ring. We now compare
module-finiteness over a coefficient subalgebra with injectivity of the comparison after contraction
to that subalgebra. We first give obstructions to separating the closed subgroup points. For
cyclic p-groups, we then construct a coefficient subring with the optimal homogeneous generator
count whose comparison is a homeomorphism onto the complement of one closed point.

Lemma 8.8 (Contraction to optimal coefficient algebras). Put a = v,(|G|). Suppose S =
k[fo,---, fa]l © R = RG®, where the f; are homogeneous in both gradings, have nonzero twist
degree, and R is finite over S. Then any two closed subgroup points 4 (H) of the same subgroup
order have the same contracted prime on S.

Proof. The slope lower bound in Proposition 7.11 forces, after reindexing, exactly one generator
f; of slope d; = 2|G|/p’. Write its twist as g; > 0.

At each closed point .#(H) with |H| = p’, Brauer followed by ordinary homology gives
R — k[t], |t| = (—dj,1). All f, with £ # j vanish by degree. The image of R is infinite-dimensional
because its H-forerunner survives. Module-finiteness therefore forces f; to map to cgt% with
cu # 0. All the f; have even suspension degree, so the presentation map k[Yp,...,Y,] — Sis an
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ordinary polynomial algebra map. Its composite with R — k[t] has kernel exactly (Yy : £ # j):
the remaining map k[Y;] — k[t], Y; — cyt%, is injective. Hence the contracted prime on S is
independent of H within that subgroup order. ]

For G = C), x Cp, the p+ 1 distinct order-p subgroups therefore give distinct closed points
with identical contractions to every optimal coefficient algebra. The dimension sums still give
the optimal principal cover inside the spectrum of the full ring R; this cover is different from
recovering X by contraction to the coefficient algebra itself.

Proposition 8.9 (Bounds under module-finiteness and closed-point separation). Let G be a
finite group, let k = F, have characteristic p, and put a = v,(|G|). For 0 < j < a, let ¢; be the
number of G-conjugacy classes of subgroups of order p’ and set

m—1
,uq(c)—min{mzl:cgq 1}.
q—

Suppose a subalgebra S C RrGeg is generated by sections homogeneous in both gradings and of
nonzero twist degree, R5® is finite over S, and contraction of the comparison map to Spec? (S)

separates the closed points 4 (H). Then every such generating set has at least

Z ,uq(cj)
7=0

elements. The generators may have different nonzero twist degrees.

Proof. Choose an ordinary homology generator for the Brauer image of Cyr|g) at each p-subgroup
H. Its tensor powers give a graded algebra map

reg

en: R — klt], |l = (<2(G: H], 1),
whose kernel is the comparison prime of .Z(H). The regular-sphere forerunner at H has
nonzero image, so this image is infinite-dimensional over k. Module-finiteness therefore forces at
least one coefficient generator to have nonzero image. Such a generator of twist w > 0 must
have suspension degree —2[G : H|w. Thus different subgroup orders require disjoint blocks of
generators.

Fix j, and suppose its slope block contains m generators of twist degrees w1, ..., wy, > 0.
At a subgroup H of order p/ their images have the form by ;#* with by ; € k, and the vector
(b1, -.,bHm) is nonzero. Define

pm kY1, ..., Y] — k[t], Y — by it Iy ={i:by; #0}.

The set I is the support of the coefficient vector. The generators in this block have even
suspension degree, so they commute. The contraction to S is determined by ker(pg) together
with the generators outside this slope block, all of which vanish.

Fix a nonempty coefficient support I C {1,...,m}. Put df = ged(w; : i € I) and v; = w;/dy.
Replacing ¢ by u does not change the polynomial kernel: the substitution u — t% is injective
on kfu], since distinct monomials have distinct exponents, even when p | d;. For A € k*,
replacing b; by AVib; also preserves this kernel, by the automorphism u — Au. This action on
(k)1 is free: if AV = 1 for every i, Bézout’s identity gives A\ = 1. Each orbit is contained in one
fiber of the kernel assignment, so there are at most (¢ — 1)//I=1 kernels arising from coefficient
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vectors with support I. No converse classification of kernels is needed. Summing over the
nonempty supports gives at most

> (T)<q—1>“= o

r=1 q_l

possible contractions at this slope. This count takes place over k itself; no freeness is asserted
for (b;) — (A™ib;) before dividing the weights by their gcd. Changing the chosen homology
generator only rescales the evaluation map and does not affect its kernel.

The ¢; conjugacy classes give distinct closed points .# (H) of X¢. Injectivity of contraction
therefore requires ¢; < (¢ —1)/(q — 1) for every j. Summing the lower bounds for the disjoint
slope blocks proves the result. O

Remark 8.10. For G' = Cy}, the subgroup count is the Gaussian coefficient

B [nl _j*1 pn_pr
Cj = B
p

il =

The bound is four in rank two over F, and 2, eight in rank three over either field, and
respectively sixteen and twelve in rank four. For example, in rank four the line and hyperplane
counts are p3 + p?> + p + 1, and the plane count is p* + p3 + 2p? + p + 1; comparison with
(g™ —1)/(q — 1) gives the stated bounds. These are necessary counts for simultaneous module-
finiteness and separation of the closed subgroup points; module-finiteness alone requires only n+1
coefficients. The explicit constructions and their sharpness questions belong to the companion;
no such construction is needed for the obstruction above.

reg

Remark 8.11 (Proper subrings preserving all charts). Put R = R;®. For every m > 2, the twist

Veronese
R™ = @ Rsmq
q>0, s€Z

is a proper subring of R that preserves the comparison and its Dirac charts, after rescaling the
twist degree. With this rescaling, the sphere tensor equivalence identifies it with the section ring
for mUg, so Theorem A gives Noetherianity and bounded-coefficient finiteness. Indeed,

(R ™) pwistco = (BT piseco = A

To see the equality, multiply the numerator and denominator of f/t%, by tb., where b > 0 makes
q + b divisible by m. The same localization and sheaf arguments therefore give the same open
model of X¢ from R . Properness follows because R has nonzero twist-one sections. Thus
proper inclusion alone does not specify a useful minimality criterion.

8.5 An explicit subring for cyclic groups

For G = Cpn with n > 1, R® contains a homogeneous subring with the following presentation.
Its spectrum of primes homogeneous in both gradings is the cyclic permutation spectrum
computed by Balmer—Gallauer [3, Proposition 8.3], together with one additional closed point.
The displayed quotient is the Stanley—Reisner ring of the path with vertices 0,...,n and edges
{t — 1,t} for 1 <t < n, with the bidegrees specified below. The identity below is an arbitrary-
prime chain-level analogue of the gold relation of Hill-Hopkins—Ravenel [12, Lemma 3.6(7)];
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compare the Green-functor formulation in the treatment of cyclic 2-groups in [25, Proposition
3.16]. Basu and Dey compute constant-coefficient Euler—orientation relations for arbitrary cyclic
groups [4, Section 1.7 and equations (7.1), (7.8)]. For odd-order cyclic groups, Dugger and
Hazel give an algebraic treatment over the constant integral Mackey ring [6, Proposition 1.5 and
Section 4.17]. We give the required constant-coefficient chain boundary explicitly.

Proposition 8.12 (A Stanley-Reisner subring for cyclic groups). Let G = Cyn with n > 1, and
let k have characteristic p. The section ring Rgfg contains a homogeneous subring

Se 2 k[Xo,. .., Xn)/(XiX;:0<i<j<n, j—i>2), deg(X;) = (—2p', 1),
over which ngfg 1s a finite module. Contraction of the comparison map induces a homeomorphism

Xg == Specl. ,(Sa) \ {(Xo,...,Xn)}.

The n + 1 displayed generators attain the optimal homogeneous coefficient count of Proposi-
tion 7.11.

Proof. Sphere models. Fix a generator G = (g) and put Hy = (¢?') for 0 < t < n, so Hy = G
and H, = 1. For 1 <i < n, write 4; = k[G/H;] = k[C,:]. Use g also for its image in every
quotient, take the bases ¢" in both copies of A;, and let € be the augmentation. Let E; be the
inflated rotation-sphere complex

= (4 5 4, S k)

in homological degrees 2,1,0. This is a permutation homotopy model for the shifted augmented
chains of the unit sphere of the two-dimensional rotation representation, including p = 2,7 =1,
as follows. Subdivide the cellular edge e, : v, — v,41 at a vertex w, into a, : v, — w, and
b, : w, — vy41, with indices modulo p’. The resulting 2p’-gon is an admissible simplicial circle.
In its augmented chains, put ¢, = a, + b, and v, = w, — v,. Then

dey = Ur+1 — Ur, da, = uy, 6(“7‘) =0.

These integral basis changes commute with cyclic translation and inflation. They split off
contractible pairs a, — u,, leaving F;. The top norm cycle is carried to ), ¢,. At p=2,i =1,
the circle is the sphere of twice the sign representation. Let a; : K — E; be the bottom identity,
and let b; : k[2] — E; be the top norm cycle N; = >°P L

Set m; = ¢(p') = p'~Y(p—1). In the permutation homotopy category there is an isomorphism

Corje) = k2] ® ®E®ml (17)

The decomposition of the real regular representation, followed by doubling, gives m; rotations
with quotient order p’, and two trivial dimensions. Although faithful rotations need not be
isomorphic as real representations, their complexes over k are identified by the following change
of basis. A rotation has cellular differential ¢" — 1 = (¢ — 1)h, for an attachment exponent r
prime to p. Since €(h,) = r # 0 in k, the element h, is a unit in k[C,;;]. Changing the top basis
by this unit identifies its complex with F;. Moreover, h,.N; = rN;, so the top norm cycle is
rescaled by a nonzero scalar. For p = 2, the doubled sign is one copy of E1, and m; = 1 as
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required. These chain identifications and the sphere tensor equivalence prove (17). Choose a
chain homotopy inverse

n
a k[2] & ®E§ml — CQ]R[G]v
i=1
and use its tensor powers for the ring construction.
Coefficient generators and module-finiteness. Define

T = o (idkm ®Q) o™ ® ®a;®mi) ,  0<t<n. (18)

i<t i>t

Its homological degree is 2 + 23", ., p(p’) = 2p', so its full bidegree is (—2p’, 1). Under Brauer
at Hy, the factors b; for i < t are quasi-isomorphisms, whereas for i > ¢ both positive-degree
terms of F; disappear and a; becomes the identity of k. Thus x; is a forerunner at H;. These
are all the subgroups of G. Proposition 6.2, applied to Chgg) and these supplied maps, proves
that RG5® is finite over k[xzo, ..., 2]

Nonadjacent products. We exhibit a;b; as a boundary when i < j. Put m = pt, M =,
and use the compatible bases e, = g" of A; and fs = ¢g° of A;. In each pair of positive degrees
consider the invariant orbit sums

M—-1

Or: Zetmodm®ft+rmodMa TEZ/m-
t=0

Let U,,W,,V, denote this sum in tensor-factor degrees (1,2),(2,1) and (1,1) of E; ® Ej,
respectively. The tensor differential gives

oU, = a;ibj +V, — Viqa, oW1 =V = Vi1 + (M/m)b;a,;.

Consequently
O(Up — Wyy1) = a;ibj — (M/m)bja; = a;b; (19)

over k. The displayed formulas also give the integral gold relation before reduction. If © > ¢ + 2,
the product z;z,, has the factor a;4+1bi42, so it is zero.

No additional relations. For 0 <t < n, apply Brauer at H;;, followed by passage to the
derived category of Q = G/H1 = Cpe1. The image of 441 is an isomorphism. Relative to
this isomorphism, the image of x; is a nonzero scalar times v™+1, where v € H?(Q; k) is the
class of the extension below, and Ng : k — k@ is defined by Ng(1) = >0 b

0— k2% 0 L ko Sk — 0.

Indeed, exactly the ;41 factors change from their top sections to their bottom sections; all other
factors either give the same isomorphism or become k. Repeating multiplication by ¢ — 1 and by
>_heq h gives a two-periodic free resolution of k. Applying Homyg(—, k) gives zero differentials;
the degree-two shift map represents v, and its iterates represent the nonzero classes v” for every
r > 1. For Q = (5 in characteristic two, v is the square of the degree-one polynomial class, and
the conclusion is unchanged. Every monomial in x¢, x4 is therefore nonzero.

The standard monomials of the claimed quotient have support in one vertex or one adjacent
pair. On an adjacent pair the degree vectors (—2p’, 1) and (—2p'*!, 1) are linearly independent.
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Monomials supported on different adjacent pairs have slopes in disjoint intervals (2pf, 2pt*1),
apart from the common pure endpoint. Hence distinct standard monomials have distinct full
bidegrees. Since every such monomial is nonzero, their images are linearly independent. This
proves the presentation of Sg.

The induced map on spectra. Each nonzero homogeneous component of S is one-dimensional,
so every homogeneous prime is monomial. The variables outside a prime must form a face of
the path. Its homogeneous primes are exactly

pe=(Xj:5#1t) (0<t<n),
g =(X;:5¢{t-11) (Ist<n)
m:(Xo,...,Xn).

The nontrivial inclusions away from m are q; C pr—1, P¢-

The H-stratum of X has its closed point .# (H;), and for ¢ > 1 one additional point n(H;),
because the cohomology of a nontrivial cyclic p-group has exactly two homogeneous primes.
At .4 (H;) only z; survives, by its degree and forerunner property, giving p;. At n(H;), the
periodicity calculation shows that both z; and z;_1 survive. Nonadjacent variables vanish by
their product relations with x;; the remaining possible variable x;y1, when present, maps to
negative cohomological degree 2p* — 2p'*! and is zero. Thus n(H;) gives q;. These are precisely
the points and specialization relations of the cyclic permutation spectrum [3, Proposition 8.3].
The continuous bijection just computed is therefore a homeomorphism of these finite spaces. [J

Remark 8.13. The proposition gives generators and relations for a subring recovering the spectrum
in the sense of [23, Question 1.11], for every cyclic p-group. To regard it as a subring of the
canonical remixed ring, absorb the trivial k[2] factor in (17) into the suspension degree: (s, q)
becomes (s + 2¢q,q). The remaining targets lie on the effective diagonal with exponents gm;;
at p = 2 the canonical sign coordinate instead has exponent 2¢. This diagonal has a nonzero
exponent vector, so distinct twist degrees in R® remain distinct canonical multidegrees. Using
tensor powers of the fixed sphere equivalence gives an injective ring map with this regrading. It
does not present the full ring R5®. The full bidegree is essential. We do not identify the sheaf
obtained from S¢, which is concentrated in even suspension degrees, with the suspension-graded
Dirac sheaf of Theorem D: at odd characteristic the latter retains odd cohomology classes
omitted by Sg.

Corollary 8.14 (Optimal coefficient count and comparison injectivity). Let G be a nontrivial
finite p-group of order p™, and let k have characteristic p. There exists a subalgebra S C Rg‘g
generated by n+ 1 fully homogeneous sections of nonzero twist, over which Ry® is finite, such
that

Xg — Spec(9), Pr— B (P)NS

is injective, if and only if G is cyclic. In the cyclic case, S can be chosen so that this map is a
homeomorphism onto the complement of the ideal generated by its nonzero twist components.

Proof. Proposition 8.12 proves the cyclic case. If G is not cyclic, it has at least two distinct
maximal subgroups: otherwise an element outside its unique maximal subgroup would generate
G, since every proper subgroup is contained in a maximal one. Maximal subgroups of a finite
p-group are normal of index p. Thus two such subgroups are nonconjugate and have the same
order. Their distinct closed points have identical contractions to every optimal coefficient algebra
by Lemma 8.8. This contradicts injectivity. O
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A Restriction and multiplicative lifting

Let G be a finite p-group and let k be a field of characteristic p. The classes of the sphere
objects Cy, b € Bg, together with the class of k[1], form the canonical basis in [19, Theorem 4.12].
These sphere objects are called irreducible endotrivials in [20, Definition 2.13 and Notation 2.15].
Following [20, Definition 7.1], a bounded permutation kG-complex C' is res-onto if, for every
H < G and every integer 7, restriction induces a surjection

Hi(C%) — Hy(cH).

Here CH means the termwise invariant complex; equivalently these are the restriction maps on
morphisms from shifts of the unit in the permutation homotopy categories. The group G is
res-onto if every Cp, b € Bg, is res-onto. This property depends only on the homotopy object,
and hence not on the chosen sphere triangulation or representative of a repeated dimension
function.

If H < G and C is a bounded permutation kG-complex, the action of G on C* induces a
G/H-action on H;(CH), equivalently on Homyc () (k[i], Res% C). We call a section class G-stable
if it is fixed by this action. Fixedness of the class need not give a G-invariant cycle representative.
We first classify res-onto irreducible spheres and then give a stable class that does not lift. For a
finite p-group P, let ®(P) = PP[P, P] be its Frattini subgroup, where PP is generated by the
pth powers; in particular ®(1) = 1.

Proposition A.1 (The next-to-top restriction obstruction). Let @ be a finite p-group, let k
have characteristic p, and let V be a faithful real Q-representation of dimension d > 2. After
choosing a nonzero top fundamental class of Cy, there are identifications, natural under subgroup
restriction,

Har(Cy) = HY(Lik)  (L<Q).

Under these identifications the restriction map is ordinary cohomological restriction. In particular,

LNo(Q)

dimy, COkel"(Hd—l(Cg) — Hy1(C)) = dimg, d(L)

Proof. Choose an admissible sphere triangulation and write X = Cy for its shifted augmented
chain complex. Set Z;(X) = ker(0 : X; — X;_1). By admissibility, a top-simplex stabilizer
fixes an open subset of the sphere and hence the entire representation. Faithfulness makes
this stabilizer trivial, so the top chain term X is free over k(). The orientation line of a real
representation of a p-group is trivial over k. Identify it with k£ using the chosen fundamental
class. Ordinary sphere homology then gives

0—k— Xqg— Zg—1(X) —0.

The module X, restricts to a free, hence injective, kL-module for every L. The connecting
homomorphism therefore gives

Hy 1 (CY) = Za(X))0(X)) = HY(L; k),

naturally for subgroup restriction. Now H'(L; k) = Homg, (L/®(L), k). Restriction is dual to
the linear map L/®(L) — Q/®(Q), whose kernel is (L N ®(Q))/P(L). Every linear functional
on its image extends to Q/®(Q), so the displayed cokernel dimension follows. O
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Theorem A.2 (Individual irreducible spheres). Let G be a finite p-group and V' a nontrivial
irreducible real G-representation. The following are equivalent:

1. Cy is res-onto;

2. ®(G) acts trivially on V;

3. G/ker(V) is cyclic of order p.

Consequently, a finite p-group is res-onto if and only if it is elementary abelian.

Proof. Put Q = G/ker(V) and d = dimg V, and regard V as a faithful irreducible real Q-
representation. If @ is not elementary abelian, choose a subgroup L < ®(Q) of order p. In
this case d > 2, since a faithful one-dimensional real representation has image of order at most
two. Proposition A.1 gives a one-dimensional cokernel on restriction from ) to L in degree
d — 1. Inflation and the inverse image of L give the same failure for G. Thus res-onto implies @
elementary abelian.

A nontrivial faithful irreducible real representation of an elementary abelian p-group has
image C),: for p = 2 it is a sign character, and for odd p it is a rotation plane coming from a
nontrivial complex character. Quotients carry ®(G) onto ®(Q), so conditions (2) and (3) are
equivalent as well.

For @) = C,, choose a generator g. A permutation homotopy model for the sphere is
k[C2] — k in degrees 1,0 when p = 2, and k[C))] s, k[Cp] — k in degrees 2,1,0 when p is odd,;
the maps to k are the augmentations. After inflation, a subgroup of G either has full image in
Cp, in which case its invariant complex equals that for G, or has trivial image, in which case its
only homology is the top fundamental class. The invariant norm cycle in the top term maps to
that class. Restriction is surjective in every degree. This proves all three equivalences.

Finally all irreducible real representations kill ®(G) if and only if ®(G) = 1: the regular
representation is faithful and a sum of irreducibles. A finite p-group has trivial Frattini subgroup
if and only if it is elementary abelian. Repeated canonical fixed-dimension labels cause no

ambiguity, since the fixed-dimension function determines the kernel by g € ker(V) if and only if
dim V{9 = dim V. O

Ezample A.3 (A stable class that does not lift). Let G = (g) = C)2, let H = (g”), and put

e=g—1and A=kG ~kle]/(e”’). Let € : A — k be the augmentation. The faithful rotation
plane has sphere complex

C=(A%5 A5k in degrees 2,1, 0.

In particular C' is itself a canonical irreducible sphere object. Since g? — 1 = eP, we have
A = eP*PA and AC = keP"~L. Therefore

Hy(CHY = e PAfeP" PHI A~ H(CF) = ke?" L.

The first group is fixed by the residual G/H-action, since g — 1 = e acts trivially on its quotient.
Nevertheless restriction Hy(C%) — Hy(C™) is zero, because p?> — 1 > p?> — p + 1. Thus even a
stable class in a single irreducible sphere twist need not lift without changing the twist.

This calculation shows that the stable-class lifting assertion in [20, Proposition 6.1] does
not hold as stated. It also rules out the Dedekind-group characterization in [20, Theorem 7.3],
since every subgroup of €, is normal. These references are to the cited version 4; Theorem A.2
supplies the corrected classification. The elementary-abelian positive case is also recorded in [20,
Example 7.2(a)], following the calculations of [3, Proposition 12.10].

44



Lifting conjugate products

For representation spheres, induction of representations corresponds to the topological norm; see
[19, Remark 5.3], which credits this observation to Gallauer. Here we lift the conjugate product
of a chosen section.

Proposition A.4 (Conjugate products of sphere sections). Let G be a finite p-group, let k
have characteristic p, and let H < G have index n. Let V be an actual finite-dimensional real
H -representation and let

f € Homg (g (K], Cv).

There is a section
F € Homg g (k[ni], CInde v)

whose restriction, under an H -equivariant sphere-chain identification

G N ¢
teG/H

18 ®teG/Htf- These identifications can be chosen to be the join and subdivision identifications
in the proof.

Proof. Choose an H-admissible sphere triangulation K for V and an H-invariant cycle z € A(K);
representing f. Choose and order left coset representatives t1,...,t,. Form the join L of the
transported copies t; K. If gt; = i, (j)hg,;, define the action of g on the jth factor by hy,;
followed by transport to the o4(j)th factor. This defines a simplicial G-action on L, whose
realization is the unit sphere of Ind% V.

The chain identification of a join with a tensor product sends

2N = (t12) @ -+ ® (tp2)

to a degree-ni cycle in A(L). Since every internal hg ; fixes z, the action of g on this tensor
contributes just sgn(ag)i. If p is odd, every cycle of the permutation o4 has odd length, since its
order is a power of p, so this sign is 1. If p = 2, every sign is 1 in k. Hence zy is a G-invariant
cycle.

The subdivision sd L is G-admissible. Naturality of the subdivision map therefore gives a
G-invariant cycle s(zy) in the admissible sphere complex A(sd L), and this is the required global
section F'.

Normality of H means that H preserves every join factor. Since each factor is H-admissible,
L is H-admissible. The subdivision lemma therefore makes s an H-chain homotopy equivalence.
On restriction to H, its inverse identifies s(zy) with zx, which represents the asserted tensor
product of conjugate classes in the permutation homotopy category. If V' = 0, use the empty
complex and A(@) = k; the construction is the same scalar tensor product. O

Remark A.5 (Scope and choices). The proposition proves existence of a lift of a conjugate
product. It does not assert that every stable individual section lifts, nor that the construction
defines a canonical norm operation on homotopy classes. Changing a representative of f leaves its
restricted product class unchanged, but this proof does not identify the resulting global lifts. Any
two isomorphisms in K(G) from the constructed sphere object to a fixed canonical effective sphere
object differ by multiplication by a nonzero scalar: invertibility identifies its endomorphism ring
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with Endi ) (k) = k. Such scalars do not affect homogeneous-prime membership and can be
absorbed into the lifted section when necessary.

The induced representation is actual. Its nontrivial irreducible summands give nonnegative
canonical twists; its trivial summands give an ordinary shift. Thus the global target belongs to
the canonical effective ring, with no negative representation twists required.

Corollary A.6 (Powers of stable sections, with induced target). Let H < G have index n, let
W be an actual real G-representation, and suppose

f € Homye gy (K[d], Resg Cw)

is fized by the conjugation action of G on this group. Then f™ lifts to a global section with target
CInde ResG W under the H-identification of that target with (Res$ Cyy)®".

Proof. The H-representation identification
Res% Ind% Res W = (Res§ W)®"

sends the tth transported copy of w to tw in the tth copy of W. Under it, the conjugate factors
of the preceding proposition represent ! f. Their classes all equal f, so their tensor product is

. 0

The lift belongs to the canonical effective ring of G. Its comparison with f™ uses an
identification after restriction to H; it does not identify the global target with C%/". Indeed,
Ind% Res% W and W®” can be different G-representations even though their restrictions to H
agree.

Remark A.7 (Nonnormal subgroups). For any H < G, the same join construction and sign
argument produce a global cycle in C’Indg v Its tensor-product restriction formula holds over

every subgroup of the core coreg(H) = Ngec 9H g~ 1, since such a subgroup preserves all join
factors and the join is admissible for it. For nonnormal H, the join need not be H-admissible, so
the subdivision map cannot be declared an H-homotopy equivalence by this argument. No general
nonnormal restriction formula or homotopy-invariant norm functor is asserted. Lemma 8.3
avoids this issue entirely.
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