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Abstract

A useful substitution changes what we have to calculate. We derive root coordinates that
respond simply to permutation, then use their products and powers to turn cubic and quartic
equations into smaller equations with compatible radical choices. The same operations give a
solvable family in every degree and a finite-field inversion algorithm. Further studies change
the working objects again: symmetry quotients reduce integrals, modules turn monodromy into
multiplication, and a Fourier—Mukai transform converts bundle operations into local algebra and
an algorithm on rank and degree. Separate arithmetic studies treat point counts, periods, and
cancellation estimates. The last section asks what is needed to compose such transforms and to
extend them to higher coefficients. Each construction is judged by the calculation it enables and
by the hypotheses that make the return to the original problem valid.



FOURIER, SYMMETRY, AND RECONSTRUCTION REFACTE
Contents

1 Change what the equation asks us to calculate 3
2 Make the coefficient construction uniform 4
3 Design coordinates with a simple update rule 7
4 Centering: the first substitution is a projection 11
5 Cardano: separate the cyclic motion 12
6 Ferrari: reconstruct a root from three character lines 15
7 Why Ferrari’s perfect square appears 18
8 Two quartics worked through 20
9 Cardano in every degree: the dihedral family 21
10 Read the radical choices in the covering tower 24
11 The same Fourier projectors split an integral 26
12 A circle: Fourier transformation beyond eigenvalues 29
13 Fourier—-Mukai: reconstructing global bundles 32
14 Another cubic: from Fourier projectors to counting and periods 38
15 A quantitative shadow: where the square-root bound comes from 42
16 Kernel composition and reference theorems 44



FOURIER, SYMMETRY, AND RECONSTRUCTION REFACTE

1 Change what the equation asks us to calculate

Why does Cardano look for a root in the form u +v? Why does Ferrari introduce a cubic in order to
solve a quartic? A useful explanation should predict the substitutions, identify the information their
auxiliary equations retain, and tell us how to recover the roots without making incompatible choices.
Once it does this, it should also help us recognize other problems to which the same method applies.

The first change is to stop calculating individual roots directly. We seek combinations of roots
whose response to a permutation is easy to describe. A cyclic permutation should merely multiply a
chosen combination by a scalar. That requirement determines its coefficients. Products and powers
of the resulting quantities then remove the scalar factors and produce expressions that can be read
from the given polynomial. Returning to the roots is a separate, explicit inversion step.

The operations matter as much as the components. If v and v have inverse characters, their
product is invariant. If w has a character of order n, its n-th power is invariant. These facts
predict which auxiliary quantities can be expressed in the coefficients. Their actual values and
their compatibility come from the multiplication of the original algebra. Cardano’s quadratic and
Ferrari’s cubic then arise as equations for the remaining symmetry orbits.

The companion exposition What a Boundary Map Can Prove follows an incidence complex
through counting laws, geometric inequalities, and extension data.

The main algebraic route has three jobs: construct useful coordinates, calculate the smaller
equations they satisfy, and recover all the original roots while respecting the relations between the
coordinates. Sections on centering, the cubic, and the quartic complete those jobs. The high-degree
example then tests exactly which restriction makes the method continue to work.

The other studies are independent uses of a similar design question. A symmetry quotient
replaces an integral by lower-genus integrals. A module turns an invertible matrix into multiplication
by a variable. A bundle transform can turn tensor products into truncated-polynomial calculations.
These are different operations with different hypotheses; one is not a required ladder to the next.
The later geometric and higher-coefficient constructions are developed when their own questions
need them.

1.1 What is being reconstructed?

Let K be a field of characteristic zero and introduce independent root coordinates r1,...,7,. The
symmetric group acts on K|[ry,...,r,] by permuting them. The invariant ring is generated by the
elementary symmetric functions ey, ..., e,, and

n

[[(X—r)=X"—er X" ' +eX" 2=+ (=1)"p.

i=1

Thus coefficient space is the quotient of ordered-root space by the permutation action. The inverse
problem is to lift a coefficient point through that quotient.

Working with formal roots does not assume that the equation has already been solved. We
construct identities on the universal root space, express their invariant parts in the coefficients, and
solve the resulting reconstruction equations. The identities then specialize to particular polynomials,
including ones with smaller Galois groups.

Three operations must be distinguished. An invertible coordinate change retains all information.
Passing to invariants forgets distinctions between points in the same orbit. A radical choice
recovers part of what was forgotten. Centering changes neither the splitting field nor the Galois
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group; choosing a resolvent root can select an intermediate field. Later, passing to eigenvalues
or to a Grothendieck group will forget different information, namely extensions. The appropriate
reconstruction data change with the question.

The universal groups for the cubic and quartic are Ss and S4. A particular separable polynomial
has a Galois group acting through a subgroup, so some field degrees may drop. Roots of unity are
adjoined when needed for character decomposition. Polynomial identities remain valid at repeated
roots; the interpretation as unramified covers will be restricted to the distinct-root locus.

1.2 Choose a calculation to complete

For polynomial equations, begin with the coefficient requirement in the projector calculation, then
centering, and the cubic and quartic. These proofs can be carried out in universal root coordinates
using permutation, multiplication, and orbit sums. The coefficient-space construction explains how
the same operations are assembled before a numerical ordering of roots has been chosen; it is not an
additional premise for the polynomial identities.

The dihedral family and its finite-field inversion give a second complete algebraic task. For other
inputs, choose the operation to be simplified: split an integral, calculate a matrix action and its
tensor product, or reduce a bundle problem. The point-count and cancellation studies ask how
character calculations can control an entire family of arithmetic quantities. The final section makes
the composition and higher-coefficient questions explicit.

Each return map and each theorem used in these studies has its own hypotheses. A successful
change of working objects earns a calculation; it does not make unrelated hypotheses disappear.

2 Make the coefficient construction uniform

This section addresses a further question about the polynomial calculations: can the working objects
be constructed uniformly from coefficients, rather than after choosing an ordering of numerical
roots? The answer uses a finite algebra and its covers. The direct identities later in the text only
require universal root coordinates; the construction here explains their behaviour as the coeflicients
vary. Introducing the coordinate ring of formal roots does not assume that their numerical values
are known.

2.1 The equation already defines an object to reconstruct

Let k be a field of characteristic zero, and consider the universal monic polynomial
f(T)=T"+ T -+ cp.

Write
Cn:Speck:[cl,...,cn,A_l], E=0c,[T)/(f),

where A is the discriminant, and denote the class of T' by «. The algebra & is finite étale of rank n.
Its relative spectrum Z = Specy & parametrizes a polynomial together with one of its roots. The
element « is its root observable: its value at such a point is precisely that chosen root.

There is also a space P of ordered factorizations

) = (T =r1)---(T = rn).
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Construct it by adjoining formal variables r;, imposing the coefficient identities in this equation,
and inverting the discriminant. Equivalently, it is the space of ordered distinct n-tuples mapping to
their elementary symmetric functions. The map

P—C,

is an Sy-torsor: every geometric fibre consists of the n! orderings, freely and transitively permuted by
Sp. A polynomial with a smaller arithmetic Galois group gives a possibly disconnected specialization
of this torsor; the construction does not assume that its Galois group is the full symmetric group.

Over C, this is a covering space. Following a loop in coefficient space permutes the roots. An
intermediate quotient of P remembers only some of the labels and restricts which permutations
remain possible. Algebraically, the same operation is finite étale descent.

2.2 Choose a cover on which Fourier decomposition applies

For three and four roots there is an especially useful normal abelian subgroup:
A:C'3,<153, A:m<134.

Both act regularly on the root labels: once a starting label is chosen, every other label is reached by
exactly one element of A. These groups therefore simultaneously give an abelian symmetry and
account for every root. This is the reason for choosing them.

Put Y = P/A. The remaining map P — Y is an A-torsor. The map Y — C,, has group S,,/A: it
remembers an orientation in the cubic case and an ordering of the three pairings in the quartic case.
The respective degrees are 2 and 6. Choosing just one quartic pairing is a different, degree-three
intermediate cover, used later for Ferrari’s shorter calculation.

Because A acts regularly on the root labels, pulling the root cover Z back to Y identifies it with
P — Y, after fixing the starting label. Thus we have reached an algebra in which the original root
observable itself is subject to an abelian action. Nothing has yet suggested a sum of radicals. That
sum will be forced by decomposing this observable.

2.3 A reconstruction theorem for the torsor algebra

Assume that k contains the character values of A; for C3, adjoin a primitive cube root of unity. Let
7:P—Y and B = 7m.0Op.

Proposition 2.1 (The cover as a character-graded algebra). There is a decomposition

1 _
B=@ L, elb)= A > x(a)ta(b),
xEA\ acA
where every L, is a line bundle, L1 = Oy, and multiplication induces isomorphisms

[’X Koy ,Cw = Exw.

The line bundles together with these multiplication maps reconstruct P as Specy B. Every root
observable is reconstructed by summing its character projections.
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Proof. Etale locally on Y, the torsor is the constant set A, and B is the algebra of functions on A.
Character orthogonality decomposes that algebra into the lines spanned by characters. The product
of two character functions is their product character, so every displayed multiplication map is an
isomorphism. These statements descend to Y, since the projectors and multiplication are intrinsic.
The formula }°, e, =1 reconstructs every section. Finally, the relative spectrum of a finite algebra
recovers its finite cover. O

The multiplication is essential: the direct sum of the lines alone does not determine the cover.
Its multiplication records the equations for invariant powers and mixed products, including the
compatibility of radical choices. This is already a categorical construction with computational
content: the symmetric monoidal Fourier equivalence transports a commutative algebra object to a
character-graded commutative algebra. The next section proves the underlying projector identities
in detail.

2.4 Why the root is a sum of two or three terms

First remove the invariant component of the root observable:

1
r=a-— Trg/ocn(oz).

After pulling back to Y, its trivial-character projection is zero. Indeed, averaging over A averages
over all root labels, because the action is regular. Centering is therefore the projector onto the
trace-zero part, before it is a substitution in a polynomial.

For the cubic, precisely two character lines remain. Set
u = ey(r), v = BX—l(’I"),

where x has order three. The identity resolution in Proposition 2.1 gives

r=u-+v.

This constructs Cardano’s substitution uniformly on coefficient space. The same two quantities can
be discovered directly by asking for combinations of the roots that acquire a scalar factor under
cycling. Here they arise as projections of the distinguished root observable. Multiplication predicts
the quantities available downstairs: u3, v3, and uv. The remaining involution exchanges u and
v, so the unordered pair {u3,v3} satisfies a quadratic over coefficient space. The later coefficient
calculation determines that quadratic and the mixed-product constraint.

For the quartic, the three nontrivial characters of V4 remain. Write their projections as a, b, c.
Then

r=a+b+ec

With the conventional normalization u = 2a, v = 2b, w = 2¢, this becomes

‘T:(u+v+w)/2.‘

The other roots arise by the three allowed double sign changes. The squares u?,v?, w? are invariant

under Vj; the quotient S3 permutes them, predicting their cubic resolvent. Since the product of the
three nontrivial characters is trivial, uvw is also invariant. It retains the sign compatibility that
three independently extracted square roots would forget.
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Thus the group action determines the number and form of the summands, multiplication
determines the invariant powers and their compatibility, and descent determines the degrees of the
resolvents. The coefficients determine their numerical values. The following calculations make those
values explicit.

The construction has now answered its uniformity question. The next sections calculate the
same projectors and their products directly. Their correctness can be checked by finite sums and
polynomial identities. The cover description supplies an additional interpretation of the choices and
their monodromy; the explicit calculation supplies their values.

3 Design coordinates with a simple update rule

3.1 Character projectors

First consider quantities rq,...,r,—1 that a move o cycles, with indices read modulo n. We want a
combination u = Y, ¢;; whose update is multiplication by one number: o(u) = Au. Comparing the
coefficient of r; gives

Ci—1 — )\CZ', C; = )\_iCO.

After a full cycle the coefficient must return, so a nonzero choice requires A" = 1. With ¢y = 1/n,
the required combination is therefore

1 n—1 )
u=— A7y

The Fourier weights have been derived from the operation we wanted. We now prove that these
combinations separate all the components, and that the same construction works for any finite
abelian group. The assumptions below provide the scalar roots of unity and make division by the
group order legitimate.

Let A be a finite abelian group, and let k be a field of characteristic zero containing all roots of
unity whose orders divide the exponent of A. Write

A =Hom(4, k*)

for its character group. These hypotheses ensure that A has |A| elements and that its characters
separate the elements of A. If A acts linearly on a vector space V', define

1
Vy ={v eV :a(v) = x(a)v for every a € A}, ex(v) = AT Z x(a)"ta(v).
‘ | acA
The operator e, extracts the part of v with transformation rule x.
Proposition 3.1. The operators e, are mutually orthogonal projectors with sum the identity.
Consequently
V= @VX, v = Zex(v).

XEA\ xEA\

Proof. For a nontrivial character n, choose b € A with n(b) # 1. Multiplication by b permutes A, so

> nla) = nba) =n(b) Y _ n(a).

acA acA acA
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The sum is therefore zero. For the trivial character it is |A|. Reindexing the definition of e, gives
bley(v)) = x(b)ey(v), so its image lies in V). On Vj;, character orthogonality says that e, is the
identity if ¥ = v, and zero otherwise. Finally, applying the same summation argument on A gives

> xl(a)™h = |A]da1.

x€A
Thus 3, ey = idy, proving the claim. O
For A = C,, = (o), choose a primitive n-th root of unity ¢, and suppose that o cyclically
permutes quantities rg, ..., r,_1. Their Fourier coordinates are
1 n—1 B n—1 B
Uj:—zg_”m, r, = ZCZJUJ'.
n - ;
=0 7=0

Here o(u;) = ¢J uj. The coordinate ug is the mean of the roots; centering removes it. The other
coordinates isolate the remaining cyclic motions. The familiar sums of radicals will arise by applying
this inverse transform after determining the w;.

3.2 The tensor rule behind Fourier coordinates

The useful rule can be checked before introducing the category notation. If u transforms by o and
v by B, applying a group element to their tensor gives

alu®v) =a(u) ®a(v) = ala)f(a)(u®v).

Thus the characters multiply when the quantities are combined. We can predict the destination of a
product by multiplying its labels. This is the operation the following equivalence must preserve.

Character decomposition is compatible with every equivariant linear map. Allowing arbitrary-
dimensional vector spaces in both categories, it therefore defines an equivalence

Repy (A) ~ Vecti, Vi— (VX)XGZ‘
On the right are character-indexed families of vector spaces. The inverse takes their direct sum
and lets a € A act on the y-summand by x(a). For an arbitrary finite-dimensional representation,
taking the trace of the projectors recovers the numerical Fourier formula
dimV, = \il[ Z x(a) ™t Tr(a | V).

acA
Thus the character transform records the dimensions of spaces that already exist before taking
traces.

The tensor product carries the decisive additional information. A tensor v ® w, with v € V, and
w € Wp, transforms by a3. Hence

(Ver W)= P Va i Ws.
af=x
The equivalence is therefore symmetric monoidal when the family side is equipped with convolution
of its character indices. Its unit is k& in the trivial-character component and zero elsewhere. Pointwise
tensor product of the components would give a different operation and would lose the multiplication
rule needed below. This is an elementary categorical form of Fourier theory: the transform retains

spaces and maps, together with their tensor relations, rather than only numerical coefficients; see
also Baez [4].
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3.3 An algebra is more than its representation

Suppose now that R is a commutative k-algebra and that A acts by algebra automorphisms. Its
Fourier decomposition satisfies

R=@ R, RyRyCRy,  Ri=R"
x€A

Equivalently, R is a commutative algebra object in Rep;.(A), transported by the preceding equivalence
to a character-graded algebra. Multiplication, its unit, and its associativity remain part of the data.

This distinction has an immediate arithmetic meaning. The extensions Q(v/2) and Q(+/3), with
their order-two Galois actions, have isomorphic underlying representations: each is the sum of the
trivial and sign representations. Their multiplication differs. A generator of the sign line squares
to 2 in one algebra and to 3 in the other. The representation identifies the line in which a radical
belongs; its multiplication specifies which radical extension it defines.

More generally, if u has character y of order n, then «” is invariant. If v and v have inverse
characters, then uv is invariant. These statements predict the quantities to compute, but they do not
prescribe their numerical values. Those values come from the original algebra, or from its coefficient
functions. In Cardano’s method this distinction becomes the difference between knowing that uwv is
invariant and determining that it equals a particular multiple of the cubic’s linear coeflicient.

The coefficient functions supply a second grading: ordinary polynomial degree. The coefficient
of X"/ is, up to sign, a homogeneous symmetric polynomial of degree j in the roots. After
changing to Fourier coordinates it is still homogeneous of degree j, and every monomial that occurs
must have trivial total character. Character and degree together can leave only a few possible
monomials. This makes it possible to determine a coefficient by evaluating a small number of
convenient configurations, instead of expanding a long product. The resulting numerical constants
are normalization data for a structure already identified.

Taking an invariant power forgets a root-of-unity phase. A mixed product can retain the relative
phase between two coordinates. Consequently separate equations for the powers do not generally
suffice for reconstruction: their solutions must also satisfy the mixed-product equations. These
compatibility conditions are the multiplication maps of the original algebra expressed in chosen
coordinates.

When A is normal in a larger group G, the quotient G/A acts on RA. Tt also reorganizes the
character components: for g € G,

9(Ry) = Rg.y, (9-x)(a) = X(gilag)-

Thus the remaining symmetry acts on the invariant quantities obtained by taking powers and
compatible products. Resolvent equations describe this residual action. Their coeflicients lie
downstairs because they are symmetric expressions invariant under the remaining group.

3.4 From a cyclic Galois action to a radical

The reconstruction mechanism is particularly sharp for fields.

Proposition 3.2. Let L/F be a cyclic Galois extension of degree n, with generator o, and assume
that F' has characteristic zero and contains a primitive n-th root of unity (. There is a nonzero
0 € L such that

o(0) = (6, 0" =a€F*, L=F(0).
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Proof. The independence of distinct field automorphisms implies that the operator
1 n—1 o
e— — —J5d
w28
7=0

is nonzero. Choose b € L with § = e(b) # 0. The projector calculation gives o(f) = (6, whence
6™ € F. The conjugates 6,(0,...,(" 10 are distinct. Therefore [F(0) : F] =n,so F(f) = L. O

This is the Fourier mechanism in Kummer theory [2, 5]. The same argument shows that, for
a finite abelian Galois group A over a coefficient field F' containing the character values, every
character space L, is a line over F'. Indeed, its projector is nonzero, and the ratio of two nonzero
elements of L, is invariant. Multiplication gives isomorphisms

LX QF Lw ~ wa.

Choosing a basis in each line expresses these maps as scalars. Associativity constrains those scalars
and thereby constrains the choices of radicals. Changing bases changes their displayed values
without changing the extension.

The proposition is a structural existence proof. Its definition of # uses conjugates in L, which
are not initially known when solving an equation. An explicit solution must still express suitable
powers and products of these Fourier coordinates using the given coefficients. The low-dimensional
invariant calculations for the cubic and quartic perform exactly this task.

3.5 Solvable towers and the scope of the construction

Let a separable polynomial over a characteristic-zero field K have splitting field L and solvable
Galois group G. Adjoin enough roots of unity, for example those of order |G|, and put

K'=K(yg), E=LK.

The preliminary extension K'/K is itself radical: a primitive |G|-th root of unity is a |G|-th root of
1. The group H = Gal(E/K') is a solvable subgroup of G. Choose a subnormal series with cyclic
prime-order quotients,

H=Hy>H>--->H,, =1.

Its fixed fields form a tower
K' =gt c Efh c...c plim = E,

and each step is cyclic Galois. Applying Proposition 3.2 at each step realizes the tower by radicals.
Normality is needed between consecutive groups; the individual H; need not all be normal in H.
This is the structural reason solvable groups lead to radical solutions [2].

For explicit formulas, one usually chooses a larger abelian normal subgroup when its character
coordinates make the invariant algebra simple. The choices of subgroup, ordering, primitive roots of
unity, and bases of character lines are not unique. Fourier decomposition makes their roles precise;
it does not remove coordinate choices or automatically minimize the size of a formula.

Finally, two settings must remain distinct. In a universal calculation, roots are variable
coordinates and one studies a polynomial ring, possibly modulo their sum, with a permutation
action. Before inverting the discriminant, this root space includes ramification: its character
components need not be line bundles over the invariant ring, and their multiplication maps need not

10
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be isomorphisms. On the finite étale torsor locus, Proposition 2.1 proves that they are line bundles
with isomorphic multiplication maps. In a particular Galois field extension, these become one-
dimensional vector spaces with nonzero multiplication. Universal polynomial identities specialize to
concrete equations even when roots coincide or the actual Galois group becomes smaller; statements
about Galois degrees require the corresponding field hypotheses. The abstract group predicts possible
intermediate symmetries. The algebra, its multiplication, and the given coefficients determine the
equation being solved.

4 Centering: the first substitution is a projection

Let
fX)=X"+a X"+ +ay
have roots aj, ..., a,, counted with multiplicity. Their mean is
art+-Fan . ar
N n - oon’

Writing X = Y 4 m replaces the roots by r; = a; — m, whose sum is zero. The coefficient of Y"1
therefore vanishes.

This is the projection associated with the decomposition
K'=K(1,...,1) @ W,, Wo=A{(r1,...,rn) i1+ +1, =0} (1)

The first summand records the common translation of all roots; the second records their configuration
relative to their mean. Both are preserved by permutations. Thus depressing a polynomial removes
the trivial representation and leaves the standard representation. This projection is equivariant and
uses a scalar already in the coefficient field. The splitting field and Galois group are unchanged;
only the coordinates have been simplified.

There is also an intrinsic formulation. In the finite algebra E = K[X]/(f), let a be the class of
X. The trace of multiplication by « is —a;. Replacing a by

Trg/k(a)
a —_—
n

1

makes its trace zero. This description does not require choosing or ordering the roots.
For later reference, the translations give
X3+ AX?2 4+ BX +C v+ Y3 +pY +g¢, X=Y - A/3,
p=DB— A?/3, q=C—AB/3+2A3/2T7,

and

X'+ AX3 4+ BX?* 4+ CX 4+ Dr— Y 4 pY? +qY + 1, X =Y - A/4,
p= B —3A%/8,
q=C — AB/2+ A3/8,
r=D— AC/4+ A’B/16 — 3A%/256.

11
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5 Cardano: separate the cyclic motion

Start with the coefficient data
gY)=Y?+pY +gq
over a field of characteristic zero. For the identities, introduce three formal roots rg,r1, 72 with

sum zero and let o cycle their labels. Work in their polynomial algebra B, imposing the coefficient
identities of g. Define the orbit sum and orbit product by

Trp(z) =z + o(z) + o (), Normp(z) = z o(z) o%(x).

Writing r = rg, we have Trg(r) = 0 and g(Y) = Normpg(Y — r). These are finite polynomial
operations, and adjoining a primitive cube root w makes the scalar-update coordinates available.
The uniform cover in Section 2 identifies these same sums and products with relative trace and norm
on the distinct-root locus; the polynomial derivation itself does not require that interpretation.

5.1 Why the root must be a sum of two components

The character decomposition of this algebra has three summands:
B = By ® By ® B,-1, x(0) = w.

The projector onto Bj is normalized trace. Thus the trace-zero condition removes precisely that
summand. Applying the identity decomposition to the actual element r gives

r=(e1+eyte1)r=er+er

Define u = eyr and v = e, —17. Then r = u + v follows before any polynomial expansion. The two
terms are prescribed projections of the root observable, and their transformation rules are part of
their definition. This is why this particular decomposition is useful: multiplication will turn uv, u3,

and v3 into invariant quantities.

To calculate the projectors, label the conjugates r; = olr, for j = 0,1, 2. Proposition 3.1 gives

ro + w2T1 + wro ro + wry + w2r2
u = 3 , v = 3 . (2)

The scalar-update requirement in the projector calculation selects exactly these weighted sums.
Their transformation rules are

o(u) = wu, o(v) = w to.
Applying o7 to the decomposition of r therefore gives
rj = wlu+w v, j=0,1,2. (3)

The inverse transform is the return map to the original roots. Centering leaves two scalar-update
quantities; their multipliers have order three, so cubing removes the cyclic motion. Reversing the
order of cycling interchanges the two quantities. Their cubes therefore form an unordered pair
governed by a quadratic. What was a search for three individual roots has become a calculation of
two powers and one compatibility relation.

When the coefficients vary over C, this also describes analytic continuation. A loop on the
orientation cover can rotate the three root sheets; its action on u, v is multiplication by opposite cube-
root phases. Returning to the coefficient space permits orientation reversal and hence interchange
of the two components. Cubes erase the rotation, and a mixed product preserves the relative phase
needed for reconstruction. The topological monodromy is the same action used by the algebraic
projectors.

12
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5.2 Multiplication and trace determine the auxiliary equations

We now calculate the invariant data without substituting an ansatz into the cubic. In the character
grading,
wv € By, ud, 03 e By, u?,v?, uv, ww? have nontrivial characters.

Adding the three cyclic images kills every nontrivial component: its scalar multipliers sum to zero.
On an invariant quantity, the orbit sum is three times that quantity. Expand the square and cube,
then discard precisely the terms with nontrivial total character. This gives

Trp(r?) = 6uw, Trp(r®) = 3(u® + v?).

The coefficient identities for the given polynomial g, equivalently the sums of powers of its three
roots, are
Trp(r?) = —2p, Trp(r®) = —3q.

For example, the first is Newton’s identity with Trp(r) = 0; the second also follows by taking the
trace of r3 + pr 4+ ¢ = 0. Hence

uv = —=, ud 4+ 0% = —q. (4)

p
3
The coefficients enter through trace and norm, while the character grading determines which
products survive. The familiar cancellation conditions have emerged as identities of the algebra we
constructed.

There is a useful global presentation of the same mechanism. In the universal centered root-
coordinate ring, put

§ = uv, U=u?, V =03,

These are fixed by the cyclic action, and their multiplication retains the relation UV = s3.

Proposition 5.1. The invariant rings of the cyclic and full permutation actions are
klu, v = k[s,U,V]/(UV — %),  k[u,v)*® = k[s,U + V]. (5)

Proof. A monomial uv7 is fixed by the cyclic action precisely when i — j is divisible by 3. Removing
a power of uv leaves a power of either u? or v3. These monomials give the first presentation, with
the single relation UV = s3. The remaining involution interchanges U,V and fixes s. Its invariants
are generated by s,U + V,UV, and the relation eliminates UV'. ]

Consequently the map from the cyclic quotient to the coefficient space is explicitly
(s,U,V)+— (p,q) = (—3s,-U —=V), Uv = s3.

Recovering a point above (p, q) requires separating the unordered pair U, V', then lifting one cyclic
character coordinate by a cube root. The invariant presentation extends as a polynomial identity
across the discriminant locus; the torsor interpretation applies on the distinct-root locus.

13
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5.3 The quadratic resolvent and compatible cube roots

The unordered pair {U, V'} has sum —¢q and product —p3/27. Therefore its members are the roots of

3

p
T2 +¢qT — = =0. 6
+al - o (6)
Writing
2 3
q p
0= —+ —
T
we obtain

U=—g+\/5, V:—%—f&.

Suppose first that U # 0. Choose a cube root u of U, and then define

v=—2 (7)

—3

The product relation ensures v = V. Formula (3) now gives all three roots.

The instruction in (7) is essential. Independently chosen cube roots of U and V' need not have
product —p/3. Once u is chosen, v is determined. Replacing u by wu replaces v by w™'v, cycling
the three answers.

If U =0 but V # 0, interchange their roles. If both vanish, p = ¢ = 0 and all three roots are zero.
Thus the apparent division by w is a choice of coordinate chart, not a restriction on the method.

For the original cubic, the result is
A . . )
Xj:—g—i—oﬂu—i—w Ju, j=0,1,2, (8)
with p, ¢ as in Section 4 and the radicals chosen compatibly.

5.4 A worked cubic

Take X3 +3X? — 6 = 0. The translation Y = X + 1 gives
Y3 -3y —4=0.
The invariant equations are uv = 1 and u? 4+ v® = 4. Thus

UV =2++3.

Taking u = {/2 + /3 to be the positive real cube root and setting v = 1/u produces

Xo=—1+€’/2+x/§+{’/2—\/§.

The other roots are —1 + wu + w?v and —1 + w?u + wv. The reciprocal relation between the real
cube roots is the numerical form of the invariant constraint uv = 1.
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5.5 What the square root remembers

The discriminant is

A= —4p® —27¢* = —271(U — V)2

The alternating polynomial
Cl = (7‘0 — 7“1)(7’0 — 7"2)(7“1 — 7“2)

satisfies
d=3w-wHU-V), d=A. (9)

Even permutations preserve d, whereas odd permutations reverse its sign. A choice of square root
of A distinguishes the two cyclic orientations of the three roots. The remaining cube-root choice
selects a starting point in the chosen cyclic order.

There is a small but important field distinction. Cardano uses v/§, while the alternating invariant
uses VA, and § = —A/108. Over k = K (w) these generate the same extension, because k contains
V=3 = w — w?. They need not generate the same extension over K. For example, Y3 —2 has § = 1
but discriminant —108. The roots of unity are part of the Galois-theoretic construction.

6 Ferrari: reconstruct a root from three character lines

Apply the same construction to
g(Y) =Y +pY? +q¥ +r,

using four formal roots whose sum is zero. Let the double transpositions permute their labels. They
form Vj; each move preserves one pairing of the four labels and exchanges signs on the other two
pairing coordinates. The quotient Sy/Vj ~ S3 permutes the three pairings

1234, 13|24, 14|23, (10)

Thus the surjection
Sy — S3 (11)

predicts a cubic resolvent before any auxiliary polynomial is chosen. We now construct the quantities
that it will govern.

6.1 Find coordinates for the double sign changes

Let 71 be one formal root, and let x1, X2, x3 be the three nontrivial characters of V4. Averaging its
four images is zero because the roots sum to zero. The projector identity therefore gives

T1 = €y 71 T €y, 71 + €y371.

Define u = 2e,, 11, v = 2e,,71, and w = 2e,,71. This normalization makes the coordinates sums of
paired roots; the decomposition itself gives

r = (u+v+w)/2
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To calculate the three quantities, order the remaining root labels by the double transpositions and
apply the weighted sums. The result can then be checked directly under each of the three moves:

rL+r2—1r3—7Ty

u = 5 =11+ 72,
U:T1—7‘2—;—7‘3—T4:r1+r3’ (12)
w:rl_r2;r3+r4 =171+ 7r4.

Their transformation rules are completely explicit:

(13)(24) | —u v —w
(14)(23) | —u —v w

Each nontrivial group element reverses exactly two signs. Applying these three group elements to
the decomposition of the root observable gives

rm=w+v+w)/2, r=@w—-v-—w)/2, (13)
r3=(—u4+v—w)/2, r4=(—u—v+w)/2.

Thus the eventual sums of square roots are already dictated by Fourier inversion. What remains is
to find the squares and retain the correct relation among their signs.

6.2 The invariants, including the information squares forget

Put
U =2, V =02, W = w?, t = uvw.

The squares are attached naturally to the pairings. For example,
U= (r+ ?"2)2 = (rs + 7“4)2,

so U does not distinguish the two blocks of 12 | 34. The product ¢, however, retains a compatibility
condition that three unrelated squares would lose.

Proposition 6.1. For the Klein four action,
Klu,v,w]"* = K[U,V,W,t]/(t* = UVW). (14)

The quotient S4/Vy permutes U, V,W and fizes t. If e1,es,e3 denote the elementary symmetric
polynomzials in U, V, W, then

Klu,v,w]% = Kley, e, 1], e3 = t2, (15)

Proof. A monomial u'v/w’ survives all the double sign changes exactly when %, j, £ have the same

parity. If all are even, it is a monomial in U, V, W if all are odd, it is uvw times such a monomial.
This proves (14) and its single relation.

The transpositions (23), (34) interchange u,v and v, w, respectively. The transposition (12)
sends (u,v,w) to (u, —w, —v). These generate Sy, so ¢ is fixed and the squares are permuted. Every
Vi-invariant has a unique expression A(U, V, W) + tB(U,V, W), full invariance says that A, B are
symmetric. Their dependence on e3 can be replaced by dependence on t2. ]
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Write ey = U +V +W and e = UV + UW + VW. Define trace here as the sum over the four
double-sign patterns in the displayed table. A monomial with a nontrivial character cancels in this
sum; an invariant monomial occurs four times. Apply this rule to the square, cube, and fourth
power of r; = (u+v + w)/2:

2
4
Tr(?“%) =eq, Tr(ril)’) = 3t, TI“(T%) _ 61‘2732'

For example, in the cube only the mixed term wwvw has trivial character. In the fourth power, the
surviving terms are the pure fourth powers and the products of two squares. Their coefficients give
the last formula. The known quartic gives Newton’s identities

Tr(r}) = —2p, Tr(r}) = —3q, Tr(r}) = 2p% — 4r.

Comparing the two descriptions yields

el e] — 4es
S — ¢ — 1
p 5 4 ;T 16 (16)
Equivalently,
U+V+W==2p, UV+UW+VW =p?>—4r, UVW =¢*, uvw=—q. (17)

6.3 The resolvent cubic and coherent square roots

The quotient has permuted the three character squares while retaining their product constraint.
The first three identities in (17) therefore say precisely that U, V, W are the roots of

R(Z) = 73 +2pZ* + (p* — 4r)Z — ¢*. (18)

This cubic is now available to Cardano’s method. Once all three of its roots have been ordered,
choose square roots u, v, w satisfying

w=U, V=V, w=W, uvw = —q. (19)

Then (13) gives the four roots of the quartic.

For q # 0, all three squares are nonzero. One may choose u and v arbitrarily and set w = —q/(uv).
The relation UVW = ¢? gives w?> = W. There are four compatible sign choices, corresponding
exactly to V4. An arbitrary choice among the eight sign patterns would forget the cubic invariant
wvw and might change the sign of the coefficient gq.

For ¢ = 0, the quartic is biquadratic:
Yi4pY24r=o.

Solve Z2 4+ pZ +r = 0 and take both square roots of each answer. In the invariant description, at
least one of u, v, w vanishes, and the product condition is automatically satisfied. No division by a
vanishing coordinate is needed.

The familiar alternative resolvent with roots

01 =rirg +rary, O =rirg+rory, O3 =rirg+ rorsg
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contains exactly the same information. Indeed 6; = p + U, and similarly for the other two.
Translating (18) by 6 = Z + p gives

03 — ph% — 4r0 + dpr — ¢* = 0. (20)

This is the standard pairing resolvent used to study quartic Galois groups; see Milne’s treatment in
Chapter 4 of [2].

The resolvent also preserves the discriminant. For example,
U-V = (7"2 — 7“3)(’/“1 — 7“4),

and the analogous identities for U — W and V' — W together account for all six root differences.
Squaring and multiplying gives
disc R = discg.

In particular, distinct quartic roots give three distinct pairing invariants. The resolvent does not
accidentally merge two pairings away from the discriminant locus.

7 Why Ferrari’s perfect square appears

Ferrari’s practical method can work with one pairing. A quartic factored into two monic quadratics
can be rewritten using the average and half-difference of those factors. This simple change makes
their product a difference of squares. We will determine the coefficients of that new form directly.

The pairing is not initially known numerically. We use formal root labels to discover the shape
of the factors, then obtain an equation for the pairing coordinate from the given coefficients. The
construction works as a polynomial identity; on the distinct-root locus, the covers in Section 10
additionally describe which pairing and block each choice selects.

7.1 Average and difference expose the square

For the pairing 12 | 34, put the first two roots in one factor and the last two in the other. Each
factor is monic quadratic and their product is the given quartic. Exchanging the blocks exchanges
the two factors. We can therefore look for a part fixed by this exchange and a part whose sign
changes.

Write the two factors as
Q-(Y)=(Y —r)(Y —r2), Q+(Y) = (Y —r3)(Y —ra).

Let ¢ exchange the two blocks, so that it exchanges @+ and @_. Their product can be written as
the product of one factor and its exchanged value:

9(Y) = Q+(Y) (Q+(Y)).

This product is unchanged when the blocks are exchanged. In the covering interpretation it is a
norm. For the calculation here, only the exchange operation and ordinary polynomial multiplication
are needed.

Apply the two character projectors of this involution:

Qi(Y)+Q-(Y)
5 ,

A(Y) =
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Then «(A) = A, «(B) = —B, and Fourier inversion gives Q1 = A+ B, Q- = A — B. Multiplying
these two reconstructed components gives

g(Y) = A(Y)* — B(Y)~ (21)

The difference of squares has been derived from a change of working quantities: average and
half-difference in place of the two factors. The two-character projector language records exactly
these two operations. The following coefficient comparison makes this form computable before the
factors themselves are known.

Centering determines the shapes of the two components. Their average is monic with vanishing
linear coefficient, whereas their difference has degree at most one. Hence

AY)=Y2+4+m, B(Y)=sY+d,  s=r1+ry=—(r3+714).

The quantities s and d change sign together when the blocks are exchanged. In particular, z = s? is

attached to the unordered pairing: it is precisely one root of R. Choosing a sign of s distinguishes
the blocks whenever s # 0.

7.2 The coefficients determine the reconstruction data

Only now do we use the known coefficients p, ¢, 7. In the norm (Y2 +m)? — (sY +d)?, the coefficients
of Y2, Y, and 1 are respectively

2m — s% = p, —2sd = q, m? —d%=r.
For g # 0, every resolvent root z is nonzero. The first two equations then give

p+=z q
= d=——.
2 7 2s

m

The third is the remaining norm compatibility condition:
2(p+ 2)? — ¢* = 4rz,

which is exactly R(z) = 0. The resolvent therefore certifies the descent of the quadratic norm to the
prescribed quartic. Its degree three records the three possible pairings; the square root of its chosen
root records the two possible block orders.

The reconstructed factors are

Q_-=A—-B=Y%?—sY +b, Qr=A+B=Y>+5Y +¢

where
2 2
Their roots are
s++/=2p—2—2q/s —s++/—2p—2+2q/s (23)
2 ’ 2 '

These last two square roots distinguish the roots within each block. Changing s to —s exchanges
the two blocks, while changing either remaining sign exchanges the two roots of that block. Undoing
the initial centering gives the roots of the original quartic.
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In Ferrari’s familiar notation, the same norm reads
2 2 q 2 pt+z
o) = (VP amp- (sy - L) m PR (24)

Eliminating z = s? = 2m — p gives the usual auxiliary equation

¢ = 4(2m — p)(m2 —r).

The parameter m is the constant coefficient of the invariant projection (Q4 + Q—)/2. The linear
square is the square of the anti-invariant projection (Q+ — @-)/2. Both substitutions have thus

been constructed by the cover and its character projectors.

If ¢ = 0, the original quartic is biquadratic, and one solves Z2 4+ pZ + r = 0 before taking square
roots. The block cover and its norm still exist for distinct roots, but s can vanish and no longer
distinguish its sheets. The formulas involving 1/s are a coordinate chart for the reconstruction, not

a requirement that every quartic lie in that chart.

8 Two quartics worked through

8.1 An example in which the signs are visible

Consider
g(Y)=Y* - 10Y% - 4Y +8.

Its resolvent is
R(Z) =73 —20Z% + 682 — 16 = (Z — 4)(Z* — 16Z + 4),

so we may order the squares as
U =4, V =8+ 2V15, W =8 —2V15.

The choices
u =2, v =15+3, w=5—-3

have the required squares and satisfy uvw = 4 = —¢. Formula (13) gives
145, 1—+6, —14+V3, —-1-+3.

Alternatively, selecting only z = 4 and s = 2 gives

g(Y)= (Y2 -2y —4)(Y2+2Y —2).

The two presentations show the same geometry at different resolutions: the first orders all three
pairings and reconstructs the four roots; the second chooses a single pairing and solves its two

blocks.

8.2 An example with the full symmetric Galois group

The preceding example has extra arithmetic simplifications. For a quartic with full Sy symmetry

over QQ, take
g¥V)=Y*-Y - 1.
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Its resolvent is
R(Z)=27%+47 — 1.

Cardano gives its unique real root as

3/1 283 /1 283
_gyl . /28 8/l /283 2
‘ \/2 Vst \/2 108’ (25)
where real cube roots are meant. Their product is —4/3, as required. Since R(0) < 0 < R(1) and
R(Z) =322+ 4 > 0 for real Z, we have 0 < z < 1. Set s = \/z > 0. Ferrari gives the real

factorization ) .
Y4y 1= <Y2—SY+Z_2 /S> <Y2+5Y+Z+2 /5>.

Its four roots are

sty/—2+2/s —s+i/z+2/s
2 ’ 2 '
This is a complete radical solution, with the choices specified rather than hidden in nested radical
notation.

For completeness, its Galois group can be checked with little computation. Modulo 2, the
polynomial becomes Y4 +Y + 1. It has no linear factor, and it is not divisible by the only irreducible
quadratic over Fy, namely Y2 + Y + 1; reduction by that quadratic leaves remainder 1. Hence the
quartic is irreducible over Q. The resolvent has no rational root and has discriminant —283, so its
Galois group is S3.

The quartic Galois group G C Sy is transitive and maps onto this S3. Thus |G| is divisible by
both 4 and 6. The only possibilities are 12 and 24. The unique index-two subgroup of Sy is Ay,
whose image on pairings is only Cj3, so the order cannot be 12. Therefore G = S4. The calculation
above genuinely traverses the nonabelian symmetry of a general quartic.

9 Cardano in every degree: the dihedral family

Cardano’s calculation extends to an infinite family once its symmetry is made explicit. The
relevant feature of the cubic is a pair of Fourier coordinates carrying inverse characters. Keep that
representation, replace the third roots of unity by the n-th roots of unity, and ask what equation
the quotient produces.

9.1 The invariant ring determines the family

Let n > 3, and let k£ have characteristic zero and contain a primitive n-th root of unity ¢. On k[u, v],
consider

p(u,v) = (Cu, Cilv)a 7(u,v) = (v, u).

The relations p" = 72 = 1 and 7p7 = p~ ! identify the acting group as Dih,, = C,, x Ca, of order 2n.
Put
5 = uv, U=u", vV =12", t=U+V.

The same invariant-monomial argument used for the cubic gives

klu,v]" = k[s,U, V]/(UV — s"),  k[u,v]P"r = k[s,]. (26)
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Indeed, u’v7 is rotation-invariant precisely when n divides i — j. After factoring powers of wv, it is
a power of u™ or v"™. The reflection exchanges U and V, leaving their sum and product; the latter is
already s".

The quotient by the reflection alone has coordinates © = v + v and s = uv. Therefore u™ + v"
must be a polynomial in z,s. Its formula is forced by

(u+ )"+ ") = w0+ uv(u? 0" ).
Define the Dickson polynomials by
Do(X,a) =2, Di(X,a)=X, Dy(X,a)=XD,_1(X,a)—aD,_2(X,a). (27)
The recurrence proves
Dy (u+v,uv) = u" +v". (28)

For example,

D3(X,a) = X3 — 3aX,
Dy(X,a) = X* — 4aX? + 24°,
D5(X,a) = X5 — 5aX3 + 5a°X.

Thus the equation arises by fixing the invariant s = a and expressing the remaining invariant ¢ on
the reflection quotient. For a = 1, these polynomials satisfy D, (X,1) = 27,,(X/2), where T,, is the
Chebyshev polynomial. Their arithmetic applications are developed in [3].

There are two complementary descriptions of the information retained. The coordinate x = u+wv,
together with s, remembers the unordered pair {u,v}. The coordinates s, ¢ remember its entire orbit
under cyclic phase changes as well. Generically, the degree-n polynomial describes the n possible
unordered pairs lying above a fixed dihedral orbit. Its degree therefore counts the remaining choices;
its coefficients express the information common to every choice.

9.2 One quadratic and one radical in every degree

Fix a # 0. To solve D, (X, a) = t, the invariant equations require
U+V =t, UV =ad".

Hence

t 4+ Vt2 — 4a

—

Choose u with u = U, and set v = a/u. The product constraint then ensures v™ = V. Fourier
reconstruction gives

U,V =

u

These are all the roots, counted with multiplicity. One way to see the multiplicities as well is to
form the monic product of the X — Xj: for independent u, v, its n distinct roots satisfy (28), so it
equals D, (X, uv) — (u™ + v™). This polynomial identity remains valid after specialization.

Cardano is exactly the case n = 3, with a = —p/3 and ¢t = —¢q. The case a = 0, excluded only to
allow division by wu, is simply X" = t.
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For every n, the root vector in (29) has just two Fourier frequencies, +1 and —1. This is the
structural restriction that makes high degree manageable. A general polynomial of degree n does
not have this two-frequency form.

The geometric Galois group is equally explicit. With z transcendental and a € k> fixed, write
r=z+a/z, t=2z"+ad" /2"

The extension k(z)/k(t) has degree 2n. Its 2n automorphisms are generated by z — (z and z — a/z,
so its group is Dih,,. It is the splitting field of D,,(X,a) — t: the roots are given by (29), and the
first two recover z by a linear equation. Solving the equation reverses this quotient construction. A
quadratic distinguishes u™ from v™; an n-th root chooses a cyclic phase.

The familiar trigonometric solution has the same source. Take a = 1 and t = 2cosf, where
0 <6 <. Then u" = e and v = u_l, so the roots are

9+27rj>

n

Xj= 2cos<

All are real and distinct. A point on the unit circle projects to twice its real part under z + z + 271,
while multiplication of angles upstairs becomes the Dickson polynomial downstairs. At n = 3,
this is the trigonometric form of Cardano’s method when all three roots are real. The radical and
trigonometric formulas are two coordinate descriptions of the same covering construction. For higher
n, they continue to solve the same dihedral family without a new substitution.

9.3 An irreducible quintic with an explicit solution

Consider
f(X)=X°-5X34+5X — 3.

Put

u = 53+2\/§>07 ¢ = e2mi/o,

All five roots are ‘ A
Xj=Cu+ut j=0,...,4.

53+\/5 53*\/5
\/ > +\/ >

This is an irreducible quintic: the translate

In particular, the real root is

FX +3) =X +15X* +85X3 + 225X % + 275X + 120

is Eisenstein at 5.

Here the arithmetic Galois group over Q is C5 x Cy, rather than the geometric group Dihs. This
distinction records the action on roots of unity. To verify it, let M = Q((, ). Since v/5 € Q((), its
degree is at most 20; irreducibility of f forces [M : Q(¢)] = 5, hence equality. The automorphisms

p: (Gu)— (¢ Cu), 71 (Gu)— (CGu™h)

act on root indices as j — j 4+ 1 and j ~— 3j. The second is well-defined because ¢ — ¢? sends /5
to —v/5. These generate 20 distinct automorphisms, acting faithfully on the roots, and therefore
identify M as their splitting field with the asserted group. Its solvability explains the radical
expression; the general quintic has a different Galois group [2].
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9.4 The same quotient in finite-field computation

The identity also gives an inversion algorithm for nonlinear maps. Work now over F,, with a = 1.
The polynomial identity
Dy, (Dyp(X,1),1) = Dy (X, 1)

follows by evaluating at X = z + 2z~ L.
For = € F,, choose a root z of Z2 —xZ + 1 in [Fy2. Frobenius either fixes z or exchanges it with
2~1. Thus 277! = 1 or 297! = 1, and in either case 27"~ = 1. If

ged(n,¢® —1) =1, mn=1 (mod ¢*—1),

then
Dy (Dp(x,1),1) = 2"+ 27™" = g,

Consequently D,, permutes F,, with inverse D,,. For example, over F7, the inverse of D5(X,1) =
X5 +2X3 +5X is Dog(X, 1), since 5-29 = 1 (mod 48). These are equalities of functions on the
finite field. The full permutation criterion, including necessity, appears in [3].

The calculation takes place in cyclic multiplicative groups, where inversion means inverting an
exponent. Passing through z +— z + 2! transports that calculation to a polynomial map. The same
environment that organizes Cardano’s radicals therefore also organizes finite-field permutations.

10 Read the radical choices in the covering tower

The covers of Section 2 produced the reconstruction calculations. We can now identify exactly which
sheet each radical choice selects and which information each map forgets. Let W,, now denote the
affine space of centered ordered roots, and let W, be its open subset where no two roots coincide.
Its quotient by S, is the space of centered monic polynomials with distinct roots. A point of the
quotient remembers the coeflicients and forgets the ordering.

Over the distinct-root locus, the maps below are finite étale covers: algebraic counterparts of
covering spaces, with no branching. Over C, one can follow the roots continuously along paths in
coefficient space. A loop can return the same polynomial while permuting its roots; this permutation
is its monodromy.

10.1 The cubic tower

The cubic construction factors the ordered-root cover as

Wy L We/cs s Wi/Ss. (30)
The arrows forget information. The first forgets which root is the starting point in a cyclic ordering.
The second forgets the cyclic orientation. Solving moves in the reverse direction: a square root
chooses the orientation, and a cube root chooses the starting point. Before restricting to distinct

roots, the intermediate quotient has the explicit equation UV = s3.

For a particular separable cubic with splitting field L over k = K(w) and Gal(L/k) = S3, the

corresponding field tower is
kCk(VA)=L% cL,

with degrees 2 and 3. If the actual Galois group is smaller, these degrees can drop. The universal
construction and its polynomial identities remain valid.
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10.2 The quartic tower and a distinction worth keeping

The quartic has the tower
Vi S3

Wy —— Wi /Vy —— Wi/Ss. (31)
The intermediate space remembers an ordering of the three pairings, together with the invariants
already specified by the quartic. Its generic fiber over coefficient space has six points, one for each
ordering of the three resolvent roots. Over it, the four remaining choices are the compatible sign
patterns in (19).

If a quartic has splitting field L/K and Galois group Sy, then
KcIL“clL

has degrees 6 and 4. The field LY* is the splitting field of the resolvent cubic. It is generally not the
degree-three field obtained by adjoining just one resolvent root.

Indeed, one pairing is stabilized by a dihedral subgroup Dg C Sy of order eight. Selecting one
resolvent root follows the degree-three cover associated with this stabilizer. Choosing s = /= then
distinguishes its two blocks, and solving their two quadratics distinguishes the roots inside each
block. Generically this route has successive degrees 3,2, 2, 2. Solving the whole resolvent first instead
gives degrees 6,2,2. Both recover the same splitting field.

The stabilizer chain for the one-pairing route is explicitly
S4 D Dg D <(12), (34)) D) <(34)> D) {1}

The group ((12), (34)) preserves each of the two blocks separately. Although it is abstractly a
Klein four group, it is different from the normal double-transposition subgroup V4. Adjoining the
difference 1 — 7o leaves only the swap (34); adjoining 3 — r4 removes that last ambiguity.

The distinction explains why the practical one-resolvent-root algorithm and the normal-subgroup
tower organize their square roots differently. A choice of one pairing does not yet reduce the
symmetry to Vj; an ordering of all three pairings does.

These degree lists describe intermediate fields inside the quartic splitting field. A literal
implementation of Cardano may temporarily adjoin a cube root of unity outside that field. In
particular, the degree-three step in the first list is not itself being identified with a pure cube-root
adjunction.

10.3 Radical extraction as trivializing a torsor

There is a precise cohomological formulation of the remaining ambiguity. For a field F' of characteristic
not dividing m, the Kummer sequence gives

HY,(Spec F, i) = F* [(F*)™. (32)

Here piy, is the group of m-th roots of unity. A nonzero equation z™ = a defines a u,,-torsor: over
an algebraic closure its solutions form a set on which u,, acts freely and transitively. Its cohomology
class is the class of @ modulo m-th powers. Adjoining a solution makes the class trivial. See [5, 6]
for the general statements.

For Cardano, after choosing the orientation and adjoining w, the remaining equation u? = U
represents the class [U]. The equation for v contributes no independent choice because UV = (—p/3)3.
When p # 0, it follows that [V] = [U]~!. Reversing the orientation interchanges these classes,
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matching the inversion action in S3 ~ C3 x Cs. If p = 0, one uses the nonzero coordinate instead of
writing a class for zero.

For Ferrari with ¢ # 0, work over the splitting field F' of the resolvent and order its roots. The
classes [U], [V], [W] in F*/(F*)? satisfy

At most two independent square classes remain. The equation uvw = —gq fixes their compatibility.
This is the cohomological expression of the four-element Vj-fiber.

The torsor language identifies exactly what is being trivialized and why one radical is dependent
on the others. The invariant equations supply explicit representatives of the classes, so the description
remains computational.

Repeated roots lie on the discriminant locus, where the covering maps branch. The polynomial
identities and reconstruction formulas still hold, with multiplicities and the zero-coordinate cases
handled as above; the unramified-cover interpretation is reserved for the complement of that locus.

10.4 Character lines in families

The field calculations can also vary with parameters. A character component over a field is a vector
space, often a line. Over a parameter space, the corresponding component can vary as a line bundle.
Multiplication between character components becomes multiplication between line bundles, and
choosing a radical becomes a problem of choosing compatible local trivializations.

For example, when n is invertible on a scheme S, a p,-torsor is equivalently described by a line
bundle together with a trivialization of its n-th tensor power. Locally it has the form

2" =a, aeOf.

Changing the local generator changes a by an n-th power. Thus the familiar ambiguity of a radical
is the coordinate expression of descent data. The Kummer sequence records this construction
cohomologically; over a field K, it gives

H (K, pn) = K/ (K7)".
This is the geometric version of the eigenline whose n-th power is invariant. The line bundle and its

multiplication retain information that disappears if one records only a local equation [5].

11 The same Fourier projectors split an integral

Ferrari’s calculation used the characters of the Klein four group to separate four root coordinates.
The same operation can separate the differentials on a curve. In a suitable family, it turns a
genus-two integration problem into two elliptic ones, and the resulting decomposition also controls
point counts over finite fields.

11.1 Two quotient curves from one equation

Choose a, b € C such that

abla —1)(b—1)(a—b) #0,  f(u) = (u—1)(u—a)(u—"),
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and let C' be the smooth projective curve with affine equation
C: = f(ad). (33)

The map x : C — P! has degree two and branches at the six distinct roots of f(x?). It is unramified
at infinity. Riemann—Hurwitz therefore gives

The involutions
U(wvy) = (_x7y)7 h(xay) = (xﬂ _y)
commute and generate a Klein four group. The second is the hyperelliptic involution. The fixed

rational functions for o are generated by 2, y; those for oh are generated by z2, zy. They give the
quotient curves and maps

Ey: v*=f(u), m(zy) = (u0) = (2% y),
E_: w?=uf(u), _(z,y) = (u,w) = (22, 2y).

Both maps have degree two and extend to the smooth projective models. The cubic defining E
and the quartic defining F_ have distinct roots, so both curves have genus one. We take the point
at infinity as origin on E, and (0,0) as origin on E_. These quotient constructions are the classical
degree-two elliptic subcovers of an even sextic [13].

11.2 The decomposition reduces the integrals

The two forms
dx x dx
wo = —, w) = ——
) )

are a basis of H(C, Qlc) At a finite branch point, y is a local parameter and the equation shows
that dx/y is regular. At infinity put t = 1/ and Y = t3y. Then

tdt dt

Yy’ Y’
Thus both forms are regular there as well. They are linearly independent, and the genus calculation
shows that they exhaust the holomorphic differentials.

Y2=(1-t)(1—-at?)(1-bt?), wy= wy =

Now oc*wg = —wp and c*w; = w1. The character projectors
1—-o0* 1+0*
2 7’ 2
separate these two lines. More concretely, the quotient maps give
du du
T (> = 2wy, h <) = 2wi. 34
_ w 0 + v 1 ( )

The factors of two come simply from d(z?) = 2z dz. The equalities are first checked where the
displayed coordinates are valid and then hold globally as identities of holomorphic forms.

For any piecewise smooth path v on C, and any constants A, B € C, it follows that

A+B A B
/( - $>d$:/ w, B[od (35)
v y 2Jr w2 Jni(y) v
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The integration problems on the right are elliptic. Specifying the paths on the curves also specifies
the necessary continuation of the square roots. The decomposition works for every holomorphic
differential in this family, including its periods around closed paths.

This is the same reason for using Fourier coordinates as in Ferrari’s formula: a symmetry separates
a coupled problem into components with simpler reconstruction rules. Here the components live on
quotient curves, so the gain is a reduction in geometric complexity.

11.3 What the periods reconstruct

The decomposition extends to rational cohomology:
H'(C,Q) = H' (B, Q) & H'(E_,Q). (36)

Indeed, the pullbacks are injective because their trace maps compose with them to give multi-
plication by two. Their images have opposite o-eigenvalues and each has dimension two. Since
dimg H'(C, Q) = 4, they account for the entire space. Equivalently, one can apply the preceding
differential calculation to the holomorphic and antiholomorphic parts of cohomology.

To retain the periods together with their lattice, consider the Jacobian
J(C) = H°(C,Q¢)" /Hi(C, Z),

where a cycle acts on differentials by integration. This complex torus is also the algebraic variety
PicO(C’) of degree-zero line bundles. A map of curves induces pullback on line bundles and a norm
map in the other direction. For the present quotients, write

T = (Tys,m—s): J(C) — EL X E_, S(P,Q) =7 P+71"Q.
Here Pic’(E.) is identified with E using the chosen origins.

Proposition 11.1. The maps S and T are isogenies of degree four, and
ToS=/[2]x[2]

Proof. For each degree-two quotient, pullback followed by norm, 7.7, is multiplication by two.
The off-diagonal maps vanish. For example, 7, is unchanged by o, whereas ¢ acts on the image of
7m* by negation: on E_ it sends (u,w) to (u, —w), which is [—1] for the chosen origin. Hence 7, m*
equals its own negative. Its image lies in a finite group of two-torsion points; a homomorphism from
a connected elliptic curve to that group is zero. The other off-diagonal map is treated in the same
way.

Thus T'S = [2] x [2]. This composition is an isogeny, so S and T', between abelian surfaces of
the same dimension, are themselves isogenies. Under the canonical principal polarizations of the
Jacobians and the product polarization, norm and pullback are dual. Consequently S and T have
equal degrees. Their product is the degree of [2] on an abelian surface, namely 2* = 16, so each
degree is four. O

An isogeny has finite kernel; it need not be an isomorphism. Thus the elliptic factors reconstruct
the Jacobian up to finite information in the period lattice. The curve itself has not become a
product. This distinction makes visible the information that the rational character projectors, with
their denominators, do not retain integrally.
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11.4 The same decomposition counts points

The equations and maps also make sense over an odd finite field F,, provided that ab(a — 1)(b —
1)(a — b) # 0 there. They give the exact identity

#C(Fy) = #E,(Fy) + #E_(Fy) — (¢ + 1). (37)

One can check this directly, without a cohomological trace theorem. Let x be the quadratic character,
extended by x(0) = 0. The number of solutions of 2% = u is 1+ x(u), so

> x(f@®) = > x(f(w) + Y x(uf(w).

z€lfy u€ly u€Fq

The affine point counts follow by adding gq. The smooth projective models of C' and E_ each have
two rational points at infinity, because their defining polynomials are monic of even degree; F has
one. Adding these points proves (37).

For example, take a = 2, b = 3 over Fy3. The two character sums on the right are —6 and 1,
respectively. Hence

#E+(F13) =8, #E_ (Flg) = 16, #C(Flg) =10=8+16 — 14.

The cohomological explanation is that the decomposition of H', now in f-adic cohomology for
¢ # char(F,), respects Frobenius. Therefore the numerator polynomials of the zeta functions
factor as Lo(T) = Lg, (T)Lg_(T). The integral reduction and the point-count identity are two
consequences of the same decomposition.

The integral-splitting problem is now complete: the maps and transformed differentials give
explicit lower-genus integrals, and the same decomposition controls the stated point counts. A
different problem begins in the next section. Given an invertible matrix, can we change its working
description so that tensor products and specialization become explicit module operations? The circle
provides a finite calculation of those operations. Readers interested only in the integral reduction
do not need that further construction.

12 A circle: Fourier transformation beyond eigenvalues

Start with an invertible matrix and the operations we want to perform on it: find fixed vectors,
take tensor products, and vary a scalar parameter. Replace the matrix by multiplication by one
variable on a module. A Jordan block then becomes a relation involving a power of that variable,
and tensor product becomes a concrete substitution in two variables. The circle interprets this
calculation as transport. We retain a two-term complex precisely when specializing the parameter
would otherwise give the wrong answer.

12.1 Monodromy as a module on the character space

Fix a base point and a positive orientation on S'. A finite-dimensional complex local system is
a vector space V transported consistently along paths; transport around the positive loop is an
invertible map T : V' — V. Cutting the circle at the base point makes the transport trivial, and
gluing its two ends by T reconstructs the local system. A morphism is a linear map commuting with
monodromy. Thus the category Locgq(S!, C) is the category of such pairs (V,T). Since 71(S?) = Z,
no finite-order relation forces T' to be diagonalizable.
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The rank-one characters are parametrized by A € C*, their monodromy eigenvalue. Put
R=Clz,2z71Y, Gy, = Spec R.

An invertible operator on a finite-dimensional vector space defines an R-module by specifying the
action of z. Such modules are precisely the finite-length R-modules, or equivalently the coherent
sheaves on G, with finite support. Here a sheaf is described completely by its module; no gluing
calculation is hidden in the notation.
For the Fourier convention used below, let S(V,T) be V with z acting as T~!. This defines an
exact equivalence
S : Locgy(S*, C) =5 Cohgy(Gy). (38)

The inverse takes multiplication by 2! as monodromy. Both constructions keep all intertwining

maps and exact sequences. A rank-one system with monodromy A becomes the skyscraper module
R/(z — A71): a point on the character space. The inverse appears because the transform pairs the
input with a character, rather than its inverse.

12.2 The universal kernel and its two-term calculation

The module description is also obtained by an integral-transform construction. Let I be the local
system of free rank-one R-modules on S! whose monodromy is multiplication by z. It packages
every rank-one character at once: specialization at z = a gives the character with monodromy a.
For a local system L7, form
M(L7) = RU(SY, L1 @c U).

This is the circle version of a Mellin transform: tensor with a universal character and then take
cohomology. The corresponding construction on complex algebraic varieties, and its relation to
Fourier-Mukai theory, is developed in [15].

Use one vertex and one positively oriented edge for the circle. On its universal cover, the
boundary of a lifted edge is its terminal vertex minus its initial vertex. For coefficients with
monodromy zT', the cellular cochain differential is therefore zT" — I. Consequently

M(Ly) ~ Cr == [Roc V =15 Rec V), (39)
where the two terms have cohomological degrees 0, 1.

Proposition 12.1. There is a natural isomorphism
M(Lr) = SV, T)[-1].
Thus M(1], restricted to finite-dimensional local systems, is the exact equivalence (38).

Proof. The determinant det(z7" — I) is a nonzero Laurent polynomial. Hence 2T — [ is invertible
over C(z), and is injective on the free R-module R ® V. In its cokernel, the relation z7v = v says
that z acts as T~!. Explicitly, the map

RV — S(V,T), szvj»—>ZT*jvj
J J

annihilates the image of 21" — I. Every class reduces uniquely to a constant vector, so it identifies
the cokernel with S(V,T'). The complex has cohomology only in degree one, which accounts for the
shift [—1]. These maps commute with every intertwiner. O
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Here the categorical transform is an equivalence on the stated source and target, not an assertion
about all constructible sheaves on all spaces. Its kernel, cohomology, and reconstruction can all be
calculated from one matrix.

12.3 Thickened points record what a list of characters loses

10 11

They have the same eigenvalues and the same trace of every integral power. Nevertheless,

dim H(S', L) =2,  dim H°(S', L) = 1,

Compare the monodromies

because a global flat section is precisely a vector fixed by monodromy. Their spectral modules are
SV, Ty) ~ k(D) @ k(1),  S(V,Ty) ~ R/(z — 1)%,

where k(1) = R/(z — 1). The second is a length-two thickening of the point 1: multiplication by
z — 1 is nonzero, but its square vanishes. That nilpotent action records the nonsplit extension
between the two character lines. It changes an observable cohomology group even though every
character trace agrees.

12.4 Tensor product becomes convolution

Let m : G,,, x G,,, = G, be multiplication. For finite-length modules, define convolution by
MxN =m,(MXN).

Concretely, its underlying vector space is M ®@c IV, and z acts as zps ® 2. The supports are finite, so
this operation stays within finite-length coherent sheaves and uses ordinary pushforward. Therefore

SWVoW,TeoU)~S(V,T)xS(W,U). (40)

The unit is the point module k(1). With these operations, (38) is an exact symmetric monoidal
equivalence. It preserves extensions and multiplication, as the finite character decomposition did
earlier.

For unipotent monodromy, the logarithm N = logT is a finite polynomial in T'— I. In the formal
coordinate s = —log z at 1, the spectral action is s = N. Multiplication of spectral parameters
becomes addition of these coordinates, so tensor product is governed by

NV®W:NV®I+I®N1/V.

For two nonsplit rank-two systems, the calculation becomes

C[xay]/(x27y2)7 S'f: (a:—l—y)f

There is a length-three chain 1 — x + y +— 2zy — 0, and the independent vector x — y is killed
by s. The tensor product therefore has unipotent Jordan blocks of sizes three and one. Below,
Fourier—-Mukai duality will turn this same calculation into a decomposition of vector bundles on an
elliptic curve. The passage to a logarithmic coordinate uses characteristic zero.

The companion When a Formal Logarithm Fuails studies the obstruction to a universal logarithmic
coordinate in characteristic three: the quadratic correction succeeds, and the next extension is
blocked by a nonzero spectral sequence differential.
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12.5 Why taking a fibre must retain a complex

The trivial rank-one local system gives an especially small example:
M(L)) = [R 25 R] ~ k(1)[-1]. (41)
Specialize the free complex at z = a. It becomes
[c =% q).

For a # 1, its cohomology vanishes. At a = 1, its differential is zero, so its H? and H' are both C,
as required for the ordinary cohomology of a circle. This operation is the derived fibre

M(Lr) &% k(a).

The ordinary fibre of the single module k(1)[—1] would retain only degree one. The missing degree
zero is supplied by Torf(k(1), k(1)) ~ C, followed by the shift. Keeping a free resolution before
specialization retains precisely the information needed at the exceptional character.

The module and the free two-term complex have answered different parts of the matrix problem.
The module makes tensor calculations explicit; the complex gives the correct exceptional special-
ization. These are completed calculations. The next section addresses holomorphic bundles, with
different input objects and a different parameter space. Rank-one complex local systems on an
elliptic curve are parametrized by (C*)?, whereas its degree-zero holomorphic line bundles form
PicO(E). A theorem is needed to transfer the bundle operations to that latter space; the circle
computation alone does not supply it.

13 Fourier—Mukai: reconstructing global bundles

This section separates two tasks. First, construct a calculus that decomposes a tensor product of
nilpotent operators into explicit chains, and a terminating arithmetic rule for choosing transforma-
tions of rank and degree. Second, state the geometric theorems that let these calculations act on
bundles over an elliptic curve. The chain construction in Section 13.3 is complete on its own. Its
bundle application needs the Fourier—-Mukai equivalence; the rank-and-degree procedure also needs
its stability theorem. The preliminary bundle examples specify why those imported operations must
retain extensions.

13.1 A question that requires extension data

Before constructing a transform, it is useful to see what the transformed data must distinguish. On
a smooth complex elliptic curve E, compare the split bundle O @& Og with a nonsplit extension

O—)OE—>F2—>OE—>O (42)

Both have two trivial line bundles as successive quotients, and both have class 2[Og] in the ordinary
Grothendieck group Ky(F). Nevertheless, they have different numbers of global sections.

The beginning of the cohomology exact sequence is

0— C— HYE,F) — C-C— HYE,F,) — C — 0.
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The connecting map ¢ takes 1 to the extension class in Ext!(Og, Op) = HY(E,Op) ~ C. The
extension is nonsplit, so J is a nonzero map between one-dimensional spaces and is therefore an
isomorphism. Exactness gives

W(E F)=h(E,FR)=1 h(E,O0p® 0O =2. (43)

Here h' denotes the dimension of H?. A record of the two constituent line bundles cannot recover
this elementary invariant. A useful Fourier transform must retain how the constituents are attached.
The distinction will become a small piece of geometry on the dual curve: a doubled point with a
nonzero nilpotent direction, rather than two independent copies of a point.

13.2 A character space carrying sheaves

The circle calculation replaced a list of eigenvalues by a sheaf that retained nilpotent structure. For
holomorphic bundles, a geometric transform must likewise preserve extensions and their variation.
Its dual parameter space will now consist of line bundles, and its kernel will be their universal family.
Let E be a smooth complex elliptic curve with origin 0, and let

E = Pic’(E)

be its dual elliptic curve. A point of E specifies a degree-zero line bundle on E. Tensor product
supplies the group law on this parameter space, just as multiplication supplies the group law on
ordinary characters.

The universal family is the normalized Poincaré line bundle P on E x E. Tt is the geometric
kernel replacing the scalar pairing x(z). With pg and pg the two projections, define

®p(F) = Rpg, (LppF @ P). (44)

The construction has the same three operations as an integral transform: move the input to the
product, multiply by the kernel, and integrate along the original variable. Here integration is derived
pushforward, which retains all cohomological degrees rather than only ordinary sections.

Mukai’s theorem says that this functor is an equivalence
DP Coh(E) ~ D Coh(E).

After identifying the elliptic curve with its dual by the origin, and using the compatible normalized
Poincaré kernel, its elementary transforms are

O (k(x)) =~ Py, O(P,) ~ k(—z)[—1], % ~ (—1p)*[-1]. (45)

Here k(z) is the skyscraper sheaf at . A point mass becomes a character-like line bundle; applying
the transform twice gives reflection, together with a cohomological shift. These are precise categorical
counterparts of elementary Fourier identities [8].

The shift matters. For instance, a nontrivial degree-zero line bundle L has no cohomology:
a nonzero section would trivialize it, and Serre duality gives the same conclusion for H(E, L).
The trivial bundle has both H? and H!. Derived pushforward organizes this jump into the object
k(0)[—1]. Its derived fibre at the origin has cohomology in degrees zero and one: the skyscraper
sheaf has a nonzero Tor; with itself. Replacing it by a list of ordinary fibre dimensions would lose
the gluing and derived structure at the exceptional point.
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If m: E x E — FE is addition, define convolution by
F %G = Rm,(FXR' Q).
The multiplicativity of the Poincaré kernel yields
B(F*G) ~d(F) o &(G). (46)

Thus convolution becomes tensor product as a functorial identity. It applies to objects and maps,
including extension data, rather than merely to numerical functions [8].

13.3 A chain calculus for tensor products

The calculation to perform is independent of elliptic curves. Given positive integers r, s, form

M, s =Clz,yl/(2",y°),  E(f)=(x+y)f.

We want a basis made of chains v, Ev, E%v, ..., with the length of each chain explicit. This computes
a tensor product of nilpotent operators: multiplication by x acts on the first factor, multiplication
by y on the second, and their sum acts on the tensor product. We will construct the basis, rather
than infer its existence from a representation-theoretic decomposition.

Build an operation that runs a chain backwards. First work in one factor, Clz]/(z"),
with the forward move E,z' = z'T!. Seek a backward move F,z’ = ¢;2°~!. The endpoint rules
require ¢y = ¢, = 0: the bottom cannot move down, and the zero relation " = 0 must remain zero.
We want the difference between a forward—backward move and a backward—forward move to depend
only on the current degree, decreasing by two after each forward step. Thus write

Ciy1 —ci=A—2i 0<i<r).
Summing over all r steps and using ¢, — cg = 0 forces A = r — 1. Summing only the first i steps
now determines every coefficient:

i—1

ci =Y (r—1-2j) =i(r—i).

§=0

The backward move has been derived from its endpoint and commutator requirements. On the two
factors, add their backward moves and their degree weights. This gives

Fa'y) =i(r =iz y +j(s =)'y’ H(a'y’) = 26 +j) — (r +5 - 2))a"y’.

Terms with a zero coefficient are omitted. The endpoint rules make these well-defined on the
truncated polynomial space. Moves on different factors commute, so the one-factor calculation gives

FE-EF =—H, HE - EFH =2FE.

These two identities are all the operator algebra the proof needs. The chosen drop by two is a
normalization; its purpose is the reverse-step formula that will determine the chain lengths below.

Choose the start of each chain by cancellation. Put h = min(r, s). For 0 < k < h, seek a
homogeneous vector

k
.
vk =Y aaly" I, ag =1,
i=0
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with Fv, = 0. Comparing the coefficient of 27y*~7=1 gives

aj1(j+1)(r—j—1) +a;(k—j)(s —k+7j) =0
Thus the desired vector is constructed by the finite recurrence

o k) (s k)
SRV CEF S

0<j<k.

Its denominators are nonzero: j < k < 7. The normalization makes vj, # 0, since its y*-coefficient is
one. We have changed a search for a Jordan basis into a triangular coeflicient calculation.

Determine the length, without guessing a normal form. Set m; =r + s — 2 — 2k. Since
Huv, = —myvyg, the two operator identities give, by induction on a,

FE“y, = a(my, —a+ 1)E* 1y, (a>1).

Multiplication by x 4 y is nilpotent because it raises total degree. Let ¢ be the largest exponent
with E9v;, # 0. Applying the identity to E9t1 vy, = 0 yields

0=(g+1)(my — q)E%vy.
Over C, this forces ¢ = my. The constructed chain therefore has exactly
Vg, Bvg, ..., E™* vy, mp+1=r+s—1-2k

nonzero members.

Verify that the chains form a basis. In a relation of total degree d, the possible chain vectors
are E9*y,. Choose the least k whose coefficient is nonzero and apply F?*. Every term with a
larger index is killed: it has fewer than d — k forward steps before reaching its vector annihilated by F'.
The chosen term becomes a nonzero scalar times vy, since all factors in the displayed backward-step
formula are nonzero along its chain. This is a contradiction. Homogeneous components separate
relations of different degrees, so all the chain vectors are independent. Finally,

h—1
Z(r+s—1—2k) =h(r+s—h)=rs=dimM,;.
k=0

They form a basis, and with ¢ acting as E the complete answer is
h—1
M, ~ @ C[t]/ (¢ Hs—172F).
k=0

For example, when (r,s) = (2, 3), the recurrence gives vg = 1 and v; = y — 2z. The two chains
are
1— 2 +yr— 22y + 92— 32y° — 0,
y — 2z +— % — xy — 0.

Their lengths are four and two. The coefficients also show exactly why the proof uses characteristic
zero. For instance, in characteristic two, multiplication by = +y on Fa[x,y]/(22, y?) has square zero;
the characteristic-zero lengths three and one no longer apply.
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Transport the answer to elliptic bundles, using a theorem. Call a vector bundle on F
unipotent if it has a filtration with successive quotients Og. The geometric input is that ¥ = ®[1]
restricts to the following equivalence and tensor rule:

U : Unip(E) = Cohg(E), U(F®G)~ U(F)*¥(G), (47)

where the target consists of coherent sheaves supported at the origin. This is a consequence of the
elliptic Fourier—Mukai theorem, not of the chain calculation; the precise compatibility is discussed
by Schréer [7]. The formal neighbourhood of the origin has ring C[[¢]], so its finite-length modules
are nilpotent operators. Their indecomposables and inverse transforms satisfy

V(F,) ~C[l/ @),  F1=Og. (48)

Over C, a formal logarithm changes the group law of E to addition. Convolution then acts on the
tensor product of two modules by ¢t = x 4+ y. Consequently the chain algorithm above computes
U(F, ® Fy). For r = s = 2, it gives lengths three and one, and the inverse equivalence gives

F@F~F60g.| (49)

For arbitrary positive r, s, the constructed basis proves

min(r,s)

F.®@F; ~ @ Frist1-2i- (50)

=1

The local calculation supplies the summands and their lengths. The geometric theorem supplies the
right to transport them to global bundles. Both pieces are necessary, and their jobs are different.

13.4 Rank and degree: a terminating reduction

The next calculation chooses a sequence of operations that reduces a stable bundle to a line bundle.
For a nonzero vector bundle V', write (r,d) = (rank V,deg V') and p(V') = d/r. Stability means that
every nonzero proper subbundle of smaller rank has strictly smaller slope. We assume ged(r, d) = 1,
and keep the actual bundle together with its pair of integers throughout the calculation.

There are two available operations. Tensoring by the specified line bundle Og(m - 0) changes
(r,d) to (r,d+ mr) and preserves stability. The normalized Fourier-Mukai transform has numerical
action

(r,d) — (d,—r). (51)

To verify this action, use the numerical Grothendieck group, recorded by rank and degree with basis
[OF], [k(0)]. Riemann—Roch gives its Euler pairing

X(U,V) = rank(U) deg(V) — deg(U) rank (V).

An equivalence preserves the pairing. The identities ®(Opg) = k(0)[—1] and ®(k(0)) = Of therefore
send the basis vectors to (0, —1) and (1, 0), proving the formula. For complexes these are alternating
ranks and degrees; the minus sign records the shift.

Specify when a numerical step is an operation on bundles. For a stable bundle of
positive degree, the elliptic transform is a stable vector bundle in cohomological degree zero. For a
stable bundle of negative degree, its only nonzero cohomology sheaf is in degree one and is stable [14].
These are geometric inputs to the algorithm.
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Part of the positive-degree assertion has a short explanation. For every degree-zero line bundle
P, slope comparison and Serre duality give

HY(E,V ® P) ~Hom(V ® P,0g)* = 0.

Riemann-Roch then gives h’(E,V ® P) = d. Cohomology and base change assemble these spaces
into a rank-d bundle. Its stability is the additional theorem. Integer arithmetic alone cannot
establish that assertion.

Choose the next operation from the remainder. At the current pair (r,d), take

d
q:{J7 m = —q, e=d+mr, O<e<r
r
Tensor the current bundle by Og(m -0), and record this exact twist. If e = 0, stop. Otherwise apply
®, record it, and repeat with

(r,d) — (r,e) — (e, —r).

The input to every forward transform has positive degree, so the geometric theorem guarantees that
every current object is a stable bundle. Both operations preserve the greatest common divisor. Every
transform strictly decreases the positive rank. Hence the procedure terminates. At termination,
ged(r,0) = 1 forces 7 = 1, and the current object is a degree-zero line bundle L.

This is a complete rule for selecting the operations, including negative initial degrees. It
specifies a finite word in twists and transforms from (7, d), with no search over bundles or possible
decompositions. Evaluating a Fourier—Mukai transform on a presented bundle is still a geometric
computation; the arithmetic schedule does not replace it.

Run the rule on rank five and degree two. The nonzero steps are

Thus
T(V)=2(®(V)® Og(3-0)) ® Op(2-0) = L.

The line bundle itself must be retained. The final numerical pair (1,0) cannot distinguish the
different points of Pic’(E).

Reverse the recorded word. Undo a twist by tensoring with its inverse, and undo a transform
using

O~ (—1g)*[1].

After reversing the twist immediately following a forward transform, the bundle has the negative
degree that transform produced. The negative-degree theorem places its transform in degree one;
the shift in ®~! cancels that degree. Thus reversing the word stays within stable bundles and
recovers the original object, not merely its numerical class.

Conversely, starting with any degree-zero line bundle and reversing the fixed word for a given
coprime pair produces a stable bundle with that pair. The forward and reverse functors are inverse.
This gives a bijection between the isomorphism classes of stable bundles of that rank and degree and
Pic? (E), relative to the recorded choices of origin, kernel and twists. The terminating remainder
calculation chooses the word; the elliptic transform theorem makes the word invertible on the stated
objects.
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14 Another cubic: from Fourier projectors to counting and periods

The same projectors can do something quite different from extracting roots: they can count solutions.
This opens a second geometric branch, in which the spectral operator is Frobenius and its traces
count solutions over finite fields. We will begin with a five-term calculation, recover the number
of points on a curve over every finite extension, and then identify a categorical statement whose
numerical consequence is a character-sum identity.

14.1 A projector that counts cube roots

Consider the smooth projective cubic
E: X34Y3=23
over F7. It has genus one and a rational point. Let w = e2™/3, choose the cubic character
X : FX = ug by x(3) = w, and put x(0) = 0. The element 3 generates F~; in the order 1,2,3,4,5,6,
the character values are
1, wg, w, W, w2, 1.

For every t € F7, including zero,
Alt) = #{x e Fr: a3 =1t} = 1+ x(t) + x(t)2 (52)
For nonzero ¢, the right side is three when ¢ is a cube and zero otherwise. At zero it is one. This is
character orthogonality serving as an exact indicator, rather than as a change of coordinates.
The affine point count is the convolution

Nag = Y A(L)A(L —t).

teF,

Zp (1—1),

telF7

Define the Jacobi sum

where the nontrivial characters are extended by zero. The terms linear in a nontrivial character
sum to zero. Also

Joox) = —x(-1)=—-1:
indeed, t — t/(1 — t) runs through all field elements except —1, with the zero term contributing
nothing. Writing J = J(x, x), expansion therefore gives

Nug=T7+J+J—2.
At infinity, Z = 0, there are three points: their ratios X/Y are the three cube roots of —1. Thus
#EF;) =8+ J+J. (53)

The correction at infinity matters: a character sum initially counts points in an affine chart, not
automatically on its projective completion.

Only t = 2,3,4,5,6 contribute to J. Their contributions are, respectively,

Consequently
J=2+43w?=-1- 3w, J+J=1, JJ =T1. (54)

Equation (53) gives nine points: six affine points and three at infinity.
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14.2 Why this calculation controls every extension field

Fix a prime ¢ # 7 and use f-adic cohomology with coefficients enlarged to contain the character
values. Geometric Frobenius is normalized here to act by 7 on H 2(EF77 Qy). The trace formula and
the cohomology of a smooth projective genus-one curve give

#E(Fr) =1+ 7 —Tr (A" | H'(E5, Q). (55)

Here H' is two-dimensional and the determinant of Frobenius on it is 7. Since the point count is
nine, its trace is —1. Its characteristic polynomial is therefore

T +T+7.
By (54), the two roots are
a=-J=14+3w, pf=-J=1+3% (56)
The general Jacobi-sum description of Fermat curves explains this identification through the action
(a,b)[X :Y : Z] = [aX : bY : Z], (a,b) € pa.

Its two nonzero character components in H' are lines. Frobenius preserves them, and the corre-
sponding scalars are the two negatives of the Jacobi sums. The character-projector calculation has
found the spectrum of a geometric operator [16].

Taking powers of this one operator now gives

(#BFr) =T +1-a" - §

(57)

No diagonalization choices are needed for computation. Put s, = o” + 8". Then
s = 2, s1 = —1, Sp = —8_1—T8—2 (r>2).
This gives so = —13, s3 = 20, and s4 = 71, hence
#E(F7) =9, #E(F49) =063, #E(Fsy3) =324, #E(Fa401)=2331.

Direct finite-field enumeration confirms these four values. The recurrence itself determines infinitely
many further counts. Equivalently, the zeta function is

T 1+ T+ 7T?
Z(E,T) := exp (ZZ:I #E(IFW)T) =0 Ta_ ) (58)
Moreover |a| = |3| = V7, so
[#E(F7) — (77 +1)] <272, (59)

For this special curve the norm identity is already visible in the five-term sum. Cohomology explains
why the same two numbers govern all extension fields, and places the calculation inside a theory
that applies to curves without this convenient character formula.
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14.3 The same symmetry selects a period

Now consider the same equation over C. In the chart Z = 1, the differential
dx
V= R x3 + ?JS = 17
Y
extends to a holomorphic differential on E. For example, near y = 0 the relation z2dx + y%dy = 0
rewrites it as —dy/2z%. Under (z,y) — (ax,by), with a® = b3 = 1, it satisfies
(a,b)'v = abv.

Thus this differential belongs to a definite character line, just as a Fourier coordinate does.
Let v be the real arc from (0,1) to (1,0). Substituting ¢t = 2% gives the explicit integral

11
—2/3 2/3 L1
/”_/ 2/3 3/ dt = 3 (3’3)' (60)

Both endpoint singularities in the last integral are integrable. To obtain a closed cycle, let
o(x,y) = (wz,y) and 7(z,y) = (x,wy), and set

d=1—0)(1—7)y.

Its boundary vanishes: 7 fixes (1,0) and o fixes (0,1). Since o*v = 7% = wv, its period is

/5” _ (1_3“’>23<;;> (61)

The same algebraic family has therefore supplied a character sum in finite characteristic and a
special-function integral over C. These are different realizations of its symmetry, with different
additional structures: Frobenius on one side, and the comparison between algebraic differential
forms and topological cycles on the other.

14.4 Reference: a motivic lift of a finite identity

The finite identity has its own complete calculation. The second half of this subsection records a
motivic theorem for reference; the identity alone does not prove that theorem. Over F,, choose a
nontrivial additive character ¢, and for a nontrivial multiplicative character p put

= pw)i(u)
u#0

Use the same definition of J, now summing over F,. If p,n, pn are nontrivial, then

Gy(p)Gy(n) = J(p,n)Gy(pn)- (62)

To prove it, expand the product and partition by s = w + v. The contribution at s = 0 vanishes
because pn is nontrivial. For s # 0, set u = st, v = s(1 — t): the inner sum becomes (pn)(s)J(p,n),
leaving exactly the Gauss sum on the right. This is a concrete convolution-to-product calculation.

There is an actual categorical lift. We state the two-character case of a theorem of Otsubo and
Yamazaki [17]. Let ¢ = p/, let d | ¢ — 1, and work in the tensor category of Chow motives in the
covariant convention over [y, with coefficient field A = Q((,q). For the objects needed here, a motive
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is specified by a smooth projective variety together with an idempotent algebraic correspondence. A
finite group H acting on X supplies such a correspondence:

e = “iﬂ S 9(h) )
heH

The graph I';, C X x X plays the role of the linear operator h. The image h(X)? is its character
summand. This is the same projector formula, applied to geometry before taking a cohomology
realization.

Let Ay be the smooth projective model of

wl —u = v,

on which F, x p4 acts by (c,a)(u,v) = (u + ¢,av). Let Fy be the smooth projective curve
U+ Ve =W with the coordinatewise ,u?l—action. For characters 6,01, 6y of pg, set

Myg=h(Ag)"Y, Ny, g, = h(Fg)"%),
extending coeflicients to A throughout.

Theorem 14.1 (Otsubo—Yamazaki, two-character case). If 1, 01, 02, and 0105 are nontrivial, then
these character summands are invertible motives and there is an isomorphism

M0, @ My, = My, 0,0, ® No, 0, (63)

Here invertible means invertible for tensor product. Such an object’s endomorphisms are scalars
in A. To compare conventions, write

i) = 6, (ua-17).
The Frobenius endomorphisms of the displayed factors are, respectively,

_G¢(p1)a —Gw(m% _Gw(P1P2)a —J(p1, p2).

The authors use signed Gauss and Jacobi sums, —G and —.J, which are the Frobenius scalars on
these degree-one summands. Frobenius commutes with the motivic isomorphism, so equality of its
scalar actions gives

(=Gy(p1))(=Gy(p2)) = (=Gy(p1p2)) (= (p1, p2)),

recovering (62). For our example take ¢ = 7, d = 3, ¥(u) = €™*/7, and choose 0 so that 8(u?) = x(u).
Then 6; = 05 = 0 satisfies every hypothesis.

The finite change of variables proves the Gauss—Jacobi identity above. The stronger motivic
statement requires a construction of algebraic correspondences and a proof that they induce the
asserted isomorphism; those are supplied by the cited work, not derived here. It can therefore be
used as a theorem-dependent transport result, with its hypotheses and conventions retained. It is
not an additional stage required to complete the character-sum calculation.
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15 A quantitative shadow: where the square-root bound comes
from

The Fermat cubic supplied a cancellation estimate through two explicitly computed eigenvalues.
Geometric Fourier theory can produce such estimates when an elementary evaluation of the sum
is unavailable. We will also see how local information determines the number of eigenvalues, and
hence the constant in the estimate.

Let [F, have characteristic p, let ¢ : F;, — C* be a nontrivial additive character, and take a € }F;.

The Kloosterman sum is
a
K(a) = — . 64
@=3 v(e+2) (64

xGF;

It has ¢ — 1 summands of absolute value one. The geometric result is

[K(a)| <24 (65)

For example, over F5 with t)(u) = €>™/5 direct evaluation at a = 2 gives
K(2) = 2¢"™/5 4 2¢0™/5 = —1 — /5.

The objective is a uniform bound for every ¢ and every nonzero a, without evaluating each sum
separately.

15.1 The transform retains a family of cohomology groups

The first Fourier step is elementary. Define ¢(0) = 0 and g(t) = (1/t) for ¢ # 0. For the

unnormalized transform
gla) = > g(t)v(at),
teF,
the substitution « = at gives g(a) = K(a) when a # 0.

Choose £ # p, realize the character values in Q, and fix an embedding into C for absolute values.
Use the Artin-Schreier sheaf £, normalized so that geometric Frobenius has trace 1 (u) at u € F,.
Let j : G, = A} and put

G = jiLy(1/t),
an ordinary sheaf placed in cohomological degree zero. Its trace function is g. The Fourier—Deligne
transform on constructible derived categories is

FTy(G) = Rpa (p;G @ Ly(at))[1], (66)

where py, p, project from A} x Al. Tensoring multiplies the trace functions; compactly supported
pushforward sums them along the ¢-line. The shift [1] changes the sign of the alternating trace.
Thus the transformed object’s trace at a is —K (a) [10].

More precisely, for a # 0, its derived stalk is
RU(G, 5, Fa) 1, Fa=Ly(z+a/z). (67)

We will show that the unshifted compactly supported cohomology occurs only in degree one and
has dimension two. The shift then places this vector space in degree zero. As a varies through
G, these spaces form the rank-two Kloosterman sheaf [9]. Its fibers retain Frobenius actions and
monodromy, not merely the single number K (a).
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15.2 Two poles explain the dimension two

We compute on the x-line, with a # 0 fixed. The local calculation at each pole can be made explicit.
Write the additive character as ¢(u) = exp(2mi Tr(bu)/p) for some b € Fy. Over the algebraic
closure, its local Artin—Schreier cover at a simple pole has the form

y? —y = ¢/t + regular terms, c# 0.

A Laurent series of the form zP — z with a pole has pole order divisible by p, so this equation
defines a nontrivial degree-p extension of the local field. Its ramification is total: the residue field is
algebraically closed. With the normalized valuation on the extension, v(¢) = p, and comparison of
the pole orders in the equation gives v(y) = —1. Thus u = 1/y is a uniformizer.

The nonidentity automorphisms are o4(y) = y + d, where d € F;. Direct calculation gives

d
oq(u) —u = TGt v(og(u) —u) = 2.

By the definition of the lower ramification groups, this says Go = G1 = F, and G2 = 0. A nontrivial
one-dimensional character therefore has Swan conductor one. At 0, the phase has a simple pole
with nonzero coefficient ba; at infinity it has a simple pole with nonzero coefficient b. Hence

Swang(F,) = Swane(F,) = 1.
The Grothendieck—Ogg—Shafarevich formula gives

Xe(Gim, Fo) = rank(F,) Xe(Gum, Q) — Swang(F,) — Swane (F,)
—1.0-1-1=-2

The Euler characteristic of the constant sheaf on G,,, is zero: removing two points from P! subtracts
two from its Euler characteristic two.

There are no nonzero compactly supported global sections of a lisse sheaf on this connected
nonproper curve, so H? = 0. Poincaré duality identifies H> with geometric coinvariants, with a
Tate twist. These vanish because the rank-one local system has nontrivial geometric monodromy.

Consequently
dim HY(G,,, F) = 2. (68)

These are the local-to-global dimension calculations behind the constant in (65); see [18], Section 4.

The two Swan conductors above belong to the input sheaf F, on the z-line. The transformed
rank-two sheaf on the a-line has different local behavior: it is tame at zero and has Swan conductor
one at infinity. The transform changes the geometric object, not just its notation.

15.3 Weights explain the square root

The values of the rank-one Artin—Schreier sheaf have absolute value one over every finite extension:
Fq is pure of weight zero. Deligne’s theorem on weights bounds the absolute values of the eigenvalues
on H! by v/q- Together with (68), this is already enough to prove the desired inequality.

In this case one has the stronger statement of purity in weight one. At both boundary points
the rank-one wild inertia character is nontrivial, so there is no boundary contribution and

HYX G, Fo) = HY(G,, Fu).
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Compactly supported cohomology has weights at most one; ordinary cohomology has weights at
least one, by duality and the corresponding upper bound for the dual sheaf. Hence both Frobenius
eigenvalues oy, 3, have absolute value exactly \/q. The trace formula gives

K(a) = —(aa+ o), |K(a)] <aal +|Bal = 2v/4q.

The substantive inputs are the ramification calculation, the cohomological formulas, and the theorem
on weights. The last step is an elementary inequality.

The mechanism also persists under extension of the base field. For a € F, set

Ko(a)= 3" ¢(Trg,, s, (x+ /).

:cEF:T

The same fiber gives
K(a) = —(ag +8),  |K.(a)] <2¢" (69)

As with the Fermat curve, an entire sequence of sums is governed by one finite-dimensional operator.
Here Fourier transformation constructs those operators uniformly as a geometric family. Its rank,
ramification, and weights make quantitative predictions that are unavailable from the list of
summands alone.

16 Kernel composition and reference theorems

The main calculation in this section eliminates an intermediate variable from two successive integral
transforms. It provides a composition rule, a unit and an associativity check under explicit geometric
hypotheses. Sections 16.2-16.5 are a reference layer: they describe additional structures and
imported theorems for higher coefficients. No proof of spectral representability, higher ambidexterity
or the higher Kummer classification is supplied here. Those results belong to the background library,
not to the chain or kernel calculi just constructed.

16.1 Compose kernels by eliminating the intermediate variable

Kernel composition is a symbolic calculation once its geometric operations are available. To make
every step legitimate, let X, Y, Z be smooth proper varieties over a field and let X and £ be perfect
coherent kernels on X x Y and Y x Z. All tensor products, pullbacks and pushforwards in this
subsection are derived. These hypotheses provide the proper base-change and projection formulas
and keep the resulting kernels perfect.

Write px, py for the projections from X x Y, and gy, qz for those from Y x Z. The input-output
rule for the first kernel is

Oic(F) = Rpy.(Lpx F @ K).

We want a single kernel with the same effect as applying K and then £. The candidate should sum
over the intermediate Y-variable while retaining the X- and Z-variables. Let

a = P12, b:p23) C = D13

be the projections from X x Y x Z, and let rx,ry,rz be its projections to the individual factors.
Denote the projections from X x Z by wx, 7.
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Substitute the first calculation into the second. Put A = Lp%\ F' @ K. The square with
maps a, b, py, qy is the Cartesian square expressing

(XxY)xy (Y xZ)=XxY x Z.
Base change gives Lqy-Rpy+«A ~ Rb,La*A. Substitution and the projection formula now give

i (F) = Raz.(Lgy Rpy A @ L)
~ Rqz.(Rb.La*A @ L)
~ Rrz.(LrkF @F La* K @ Lb* L)
~ Rrz. (L% F @ Re.(La*K @ Lb*L)).

The last line is the defining rule for a single transform. Thus the calculation has produced its kernel:
Lo K = Rpiz.(Lpi,K @ LpsL), PO ~ Prog.

The middle variable has been eliminated. This is the geometric version of multiplying two ma-
trices and summing over their shared index, with the pushforward and tensor product retaining
cohomological information.

Check the unit and the order of composition. For the diagonal inclusion A : X — X x X,
the projection formula gives

LpiF @Y A,Ox ~ AL F, Rpo ALF = F.

Hence O, is the identity kernel. More generally, the structure sheaf of the graph of an automorphism
f:X — X sends F to Rf.F. This fixes which direction the graph acts; for inversion on an elliptic
curve, pushforward and pullback agree because inversion is its own inverse.
For a third perfect kernel N on Z x W, applying the same substitutions to either parenthesization
gives the kernel
Rpuas (Lp}oK @ Lpss L @ Lps,N)

on X x W; the projections are now from X x Y x Z x W. This proves associativity through the
common four-variable calculation. A map of kernels induces a map of the corresponding transforms
by the same formulas, so the computation retains morphisms as well as objects.

Keep the theorem boundary visible. For the elliptic Poincaré kernel, Mukai’s inversion
theorem identifies its composite with the structure sheaf of the graph of inversion, shifted by [—1].
Given that geometric identification, the kernel calculus immediately gives ®2 ~ (—1g)*[—1] on every
input. The calculus above proves how to compose and use kernels; it does not by itself compute the
Poincaré composite or prove the required base-change theorems [8].

For finite sums the same rules are ordinary sum and product. For exponential-sum sheaves,
compactly supported pushforward replaces the proper coherent pushforward. These settings require
their own base-change hypotheses; they are not silently identified with the proper coherent setting
proved here.

16.2 Reference: coherence beyond the kernel calculation

A derived category has already retained more than a list of cohomology groups. It remembers
complexes and extensions, and it supplies derived tensor products and pushforwards. A stable
infinity category also retains the spaces of maps and the homotopies relating their compositions.
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This extra structure is relevant when a construction must vary functorially and when several ways
of composing it must agree coherently.

For example, convolution is associative because both parenthesizations integrate the same
external tensor product along the addition map from a triple product. For four or more factors,
these identifications must themselves agree. A symmetric monoidal infinity category organizes this
entire system, including the unit and symmetry constraints. The local algebra calculations remain
visible: over an ordinary ring, derived tensor products still have Tor groups. With a ring spectrum
as coefficients, modules can also carry stable homotopy information that an ordinary complex over
a discrete ring does not encode.

This distinction matters for reconstruction. Replacing a character space by its dimension forgets
its maps and multiplication. A Grothendieck class forgets a nonsplit extension. Passing to a
homotopy category forgets higher information about mapping spaces. Each passage can be useful,
but a reconstruction theorem must be formulated before the particular information it needs has
been discarded.

16.3 Reference: spectral Cartier duality

Let R be a connective commutative ring spectrum and X a spectral abelian variety over R. Tensor
product and the group law give QCoh(X) a Hopf-algebra structure among stable R-linear categories.
Its categorical dual has convolution as its multiplication. A biextension on X XY defines a symmetric
monoidal transform from convolution on X to tensor product on Y.

Categorified Cartier duality specifies the candidate category, and Tannaka duality gives the
criterion for recovering a geometric dual from it. Existence still needs geometry. Lurie constructs the
functor of multiplicative line bundles Pic'y, proves its spectral representability using Artin’s theorem,
and proves that its universal biextension is perfect. Perfectness is equivalent to the associated
Fourier—-Mukai functor being an equivalence. The identity component of the spectral Picard space
need not even be flat, so cannot simply substitute for this construction [11], Sections 4.7 and 5,
especially Proposition 5.5.1 and Theorem 5.6.4.

Here the categorical formulation has become part of the construction of the parameter space
itself. The circle example began with a visible space of characters, and the elliptic example began
with Pic’(E). The spectral construction can determine the dual through the category it must
support.

16.4 Reference: integration over higher symmetries

The finite Fourier projector averages over group elements. A higher symmetry has objects, automor-
phisms, and potentially automorphisms between automorphisms. Even the first step changes the
counting rule. A finite groupoid has cardinality

1

[z]emoG

In particular, | BG| = 1/|G]| for a finite group G: a single isomorphism class can still have nontrivial
symmetry. For a connected space with only finitely many nonzero homotopy groups, all finite, the
corresponding homotopy cardinality is

1X| =TT (x| V"

i>1
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These formulas describe rational numerical counting. A higher Fourier transform requires a version
of integration inside the coefficient category itself.

The relevant condition is ambidexterity: suitably finite indexing spaces admit a compatible
identification of the colimit and limit operations. For a finite set, this starts with the identification
of a finite direct sum and product in an additive category. For a finite group action in a stable
category, it involves the norm from homotopy orbits to homotopy fixed points. An equivalence of
that norm permits a form of averaging; it is an additional property, not a formal consequence of
writing down a group action. Higher semiadditivity extends this compatibility to appropriate spaces
with finite homotopy data.

This is why replacing sets by spaces in a Fourier formula is a mathematical theorem rather
than a change of notation. The integration must interact correctly with products, pullbacks, and
composition of fibres. Once those properties hold, the kernel calculus has a higher counterpart.

16.5 Reference: a higher Kummer theorem

Barthel, Carmeli, Schlank, and Yanovski construct higher semiadditive Fourier transforms, including
the classical finite transform at height zero and chromatic transforms at positive heights [12]. One
application classifies certain Galois extensions of ring spectra.

Fix a prime p and n,r > 1. Let R be a T'(n)-local commutative ring spectrum, and write
R* = gl;(R) for its connective spectrum of units. Choose a primitive higher p"-th root of unity of
height n: this is a map of spectra

w:X"H(Z/p") — R*

satisfying the primitivity condition of [12], Section 6.2. Here H denotes the Eilenberg-Mac Lane
spectrum. In this chromatic setting, primitivity makes the associated Fourier transforms invertible;
w is higher coherent data, not merely an element of myR.

Let M be a connected n-finite H(Z/p")-module spectrum: 7; M is finite for 1 < i < n and zero
otherwise. Its Pontryagin dual is the spectrum

M* = RHomyz(M,Q/Z), mM* ~ Homg(r_;M,Q/Z).

The notation uses the underlying complex of abelian groups. Put G = QQ°° M, the loop space of the
underlying infinite loop space. Their higher Kummer theorem identifies the space of extensions as

{G-Galois extensions of R} ~ Mapg,(X"M"*, R). (70)

The right-hand side is a mapping space of spectra, and the left-hand side is the space of G-Galois
extensions in the T'(n)-local category. The finiteness, localization, and higher-root hypotheses specify
where the classification holds. The source is Theorem C of [12], a connected case of Theorem 7.34.

Compare the role of the inputs. For a cyclic field extension, roots of unity make the character
lines available, and their multiplication gives a radical class. Here the symmetry is G, the coefficients
form a ring spectrum, and a mapping space into units records the extension together with its
higher automorphisms. Retaining the mapping space is part of the strength of the classification: its
connected components record equivalence classes, while its higher homotopy retains the symmetries
of the reconstruction data.

The same work also constructs categorical Fourier equivalences for suitable local systems
of chromatic modules. These results enlarge both sides of the elementary equivalence between
representations and character-graded vector spaces. They provide an algebraic-topological setting in
which duality, descent, and Galois reconstruction can continue beyond ordinary fields and varieties.
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16.6 What the examples establish together

The reusable calculations have explicit inputs and outputs: a permutation determines weighted root
coordinates; average and half-difference expose a square; a coefficient recurrence constructs every
chain in a truncated-polynomial tensor product; remainders choose a terminating rank-and-degree
reduction; and an intermediate-variable elimination composes kernels. Each calculation includes
its verification and return map. Applications to elliptic bundles, cohomological bounds and higher
coefficients retain separate theorem dependencies. A reference theorem extends the range of an
operation only when its hypotheses have been supplied.

A useful comparison with What a Boundary Map Can Prove is to ask which operation has
become elementary. There an incidence map turns a cycle condition into linear algebra and a
determinant into a tree count. Here a selected response to a permutation turns unknown roots into
invariant powers and compatible products. The comparison concerns these constructed operations,
not a claim that one final framework explains every example.

Further reading

For Lagrange resolvents and the classical formulas, see Beukers [1], Sections 9.2-9.3. Milne [2],
Chapters 4-5, develops the quartic pairing resolvent, cyclic extensions, Kummer theory, and
solvability; Chapter 8 relates finite étale algebras to covers. Bluher [3] treats Dickson and Chebyshev
identities and their finite-field permutation properties. Baez [4], Section 6.1, gives the categorical
character decomposition. The Stacks Project [5, 6] supplies the torsor and Kummer formulations.

Shaska [13], Sections 3.1 and 5, studies genus-two elliptic subcovers and split Jacobians. Liu,
Maxim, and Wang [15] develop Mellin transformations using universal local systems. The circle
calculation here is a small model of that construction. Schréer [7] relates unipotent bundles
to formal-group convolution; Chen [8] explains elliptic Fourier—Mukai calculations. Herndndez
Ruipérez and Tejero Prieto [14], Section 2, supply the transform and stability statements used in
the rank-and-degree reduction.

Elkies [16], especially Exercise 12, connects Jacobi sums to Fermat curves. Otsubo and Ya-
mazaki [17] construct the motivic lifts of Gauss—Jacobi identities; the tensor isomorphism is
Theorem 1.1, and the Frobenius and period comparisons are discussed in Theorem 1.2 and Re-
marks 7.4-7.5. For the quantitative application, Michel [18], Section 4, introduces the cohomological
estimates, Katz [9] develops Kloosterman sheaves and monodromy, and Laumon [10] supplies
geometric Fourier theory.

For the higher-coefficient questions, Lurie [11], Sections 3-5, develops categorical Cartier duality,
biextensions, Tannaka reconstruction, and spectral Fourier—Mukai duality. Barthel, Carmeli,
Schlank, and Yanovski [12], especially Sections 3-5 and 7, develop higher semiadditive Fourier
theory, categorical extensions, and the higher Kummer classification. These references provide the
additional hypotheses and constructions used in the final section.
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